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In a typical parallel or distributed computation model processors are connected by a spars
interconnection network. To establish open-line communication between pairs of processors that
wish to communicate interactively, a set of disjoint paths has to be constructed on the network.
Since communication needs vary in time, paths have to be dynamically constructed and destroyed.

We study the complexity of constructing disjoint paths between given pairs of vertices on
expander interconnection graphs. These graphs have been shown before to possess desirable prop-
erties for other communication tasks.

We present a sufficient condition for the existence of K=n® edge-disjoint paths connecting
any set of K pairs of vertices on an expander graph, where # is the number of vertices and ¢<1
is some constant. We then show that the computational problem of constructing these paths lies
in the classes Deterministic-2 and Random-A4"%.

Furthermore, we show that the set of paths can be constructed in probabilistic polylog time
in the parallel-distributed model of computation, in which the »n participating processors reside
in the nodes of the communication graph and all communication is done through edges of the
graph. Thus, the disjoint paths are constructed in the very computation model that uses them.

Finally, we show how to apply variants of our parallel algorithms to find sets of vertex-
disjoint paths when certain conditions are satisfied.

1. Introduction

Information exchange between processors is an essential component of any
parallel or distributed computation. In most applications, data transfer between
individual processors has to be done through a relatively sparse communication
network. Processors can communicate directly with only a few neighbors, and most
communication has to traverse intermediate nodes. We model such a computation
environment by a bounded-degree graph in which nodes represent processors and
edges represent communication lines.

There are two basic methods for establishing communication in such models:
packet routing and open-line communication. In packet routing, when processor
x wishes to send a message to processor ¥, x generates a packet with the message
and sends it to its destination. Many packets can traverse the network simultaneously,
and their routes may overlap. In case of congestion, packets may have to wait in
queues of intermediate processors. In open-line communication, on the other hand,
a disjoint communication path is reserved for each pair of processors that wish to
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communicate. The edges of the path are dedicated to this purpose, and are released
only when the communication terminates.

Packet routing is advantageous when transmitting a large volume of small
size messages. Open-line communication on the other hand, is more efficient in
handling long or variable length messages, and bidirectional on-line interactive
communication.

In most instances of parallel and distributed computation, the communica-
tion pattern changes through the execution of the algorithm and cannot be predicted
in advance. Furthermore, processors may communicate with different partners at
different stages of the execution. Therefore, in a sparse network, one cannot reserve
in advance a communication path for each pair of processors that might wish to
communicate sometime during the execution of the algorithm. Instead, communi-
cation paths have to be constructed and destroyed ‘dynamically according to the
varied communication requests of the algorithm. This dynamic process of constructing
disjoint paths on a sparse communication network motivates the work reported in
this paper.

While the problem of packet routing has been extensively studied [18, 2, 17, 12]
we are not aware of any theoretical study of the algorithmic aspects of open-line
communjcation in bounded-degree networks. (For certain dense networks the
problem was recently studied, cf. [16].) This lack may probably have to do with the
proximity of this type of problem to NP-complete problems. The problem of deciding
whether there are K edge- or vertex-disjoint paths in a given graph connecting K
given pairs of vertices is known to be 4 Z-complete. (The case of fixed K was re-
cently shown to be in 2 [14] for any K.) The negative results can be circumvented
in our case. In most applications there is some control on the pattern of the com-
munication graph, so the input graph on which one is required to find the set of
paths is not arbitrary. More importantly, in these applications it is required to find
a large number of disjoint paths, but not necessary the maximum number possible.

In this paper we concentrate our efforts on the important class of regular
expander graphs. (A graph G=(V, E) is an (a, f, y)-expander if for every set of
vertices Us.t. |U|=8|V|, we have |I'(U)~—U|=z=a|U], and for every set of vertices
Ust |Uj=1{V|/2, we have |[(U)—U|z=y|U|, where I'(U) denotes the set of
neighbors of nodes in U.) These graphs have been shown to possess some properties
which make them especially useful for applications in communication networks
{1, 4, 13]. For example, it has been shown in {13] that expansion is a necessary con-
dition for the optimal solution of general packet routing problems, and that the
probabilistic packet routing algorithm of Valiant [18] can be implemented efficiently
on any expander network. The study of expander graphs enables us to obtain results
for a large class of networks rather than for one particular communication pattern.
Furthermore, the rapid progress in the explicit construction of strong, low-degree
expanders [10] suggests that these graph are very likely to become a feasible pattern
for future communication networks. Here we explore the implementation of open-
line communication on expander graphs.

The major part of this paper is concerned with the problem of finding edge-
disjoint paths, which is the usual requirement in communication applications. We
first prove an existence result, giving sufficient conditions for the existence of X
edge-disjoint paths connecting g; to b, for any set /% ={(a;, b;)} of K=n® pairs
of vertices, where n is the number of vertices and ¢—<1 is some constant.

The existence proof involves special structures that consists of sets of edge-
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disjoint trees satisfying some special conditions. The existence of such structures
in an expander graph implies the existence of a related set of disjoint paths. We
demonstrate the existence of these structures by extending a construction technique
developed in [5].

The existence proof does not yield directly efficient algorithms for constructing
the paths, mainly because we cannot construct efficiently the tree-structure used in
the proof. Instead, we show that the problem of constructing a set of disjoint paths
on expander graphs, when such paths exist, can be reduced efficiently to a flow prob-
lem. Together with the existence result, we derive an O (#2K) algorithm for construct-
ing K edge-disjoint paths for K=r2.

We then turn to the question of parallel computation of the paths, beginning
with the PRAM model. While the flow part of the sequential algorithm is in Random-
N €, the rest of the algorithm appears to be inherently sequential, since it uses the
outcome of the flow phase to construct the paths one after the other. To overcome
this problem we introduce a new technique, based on the properties of random
walks on expander graphs. We use the algebraic characterization of expander graphs
in terms of the eigenvalues of their adjacency matrices for the analysis of this phase
of the algorithm. Thus, we obtain a probabilistic PRAM algorithm that uses O((dn)?)
processors and runs in O(log? n) parallel steps.

The PRAM model is too powerful for our typical applications, and is used
mainly as an intermediate step towards our final goal, which is to construct the
disjoint paths within the very same model of computation that has to use them for
the open-line communication. In this model, which we term the parallel-distributed
model, there are only n processors that reside in the n nodes of the communication
graph, and all the communication has to go through edges of the giaph, one message
per edge per step. It has been shown before that any »n processor PRAM program
can be simulated efficiently by n processors working in the parallel-distributed model
[7]. Our main difficulty is to reduce the number of processors used by the PRAM
algorithm. The O((dn)?) processors are needed in order to solve a flow problem on
a graph of n nodes. We reduce the number of processors needed by restricting the
flow problem to a subgraph of n'/¢ nodes. This gives us a probabilistic algorithm
that runs in O(log?® n) parallel steps on the parallel-distributed model.

The following theorem summarizes our contribution in the edge-disjoint case.

Theorem 1.1. There is a constant ¢ depending only on «, B,y and d, such that for
any n-vertex d-regular (o, B, y)-expander G with sufficiently large n and a=2, and for
any set A B=1{(a;, b))} of K disjoint pairs of vertices, if K=n® then

1. The graph G contains K edge-disjoint paths connecting a; to b;, i=1, ..., K;

2. The K paths can be constructed in O(Kn®) steps;

3. The K paths can be constructed by a probabilistic PRAM algorithm that
uses O((dn)®) processors and terminates in O(log? n) parallel steps;

4. The K paths can be constructed by a probabilistic algorithm on the parallel-
distributed model in O(log! n) parallel steps. |}

The techniques developed for the existence proof of edge-disjoint paths and
for the sequential and parallel algorithms, can be extended to the vertex-disjoint
case. The number of disjoint paths that can be constructed in this case is naturally
significantly smaller.
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Theorem 1.2. 1. For every integer d=2 and for every a=0 there exist a d-regular
(«, B)-expander and a set of K =%d—;l— +1 pairs of vertices that cannot be

connected by vertex-disjoint paths.
d
2. For every d-regular graph there exists a set of K =7+1 pairs of vertices

that cannot be comnected by vertex-disjoint paths.
3. For every n-vertex d-regular («, f, y)-expander with sufficiently large n and
x—3
2
paths. This set can be constructed by probabilistic algorithms, in O(log?n) parallel
steps on an O((dn)®) processor PRAM and in O(log*n) parallel steps on the
parallel-distributed model. |

u=2, every set of K= pairs of vertices can be connected by vertex-disjoint

2. Preliminaries

The following notations and definitions are used throughout the paper.

Let G=(V, E) be our interconnection graph. We denote the set of vertices
occurring in a subgraph G’ by ¥V(G’) (V(p) is used in a similar way w.r.t. a path p).

For every set of vertices W&V, let I'(W)={ul(u, v)€E and ve W} and
P(W)=I'(W)—W. Thus I'(W) denotes the set of neighbors of nodes in W and
(W) denotes the set of neighbors of W that are outside W.

Define N(i, W), the i-neighborhoods of a set of vertices W, as follows:
N, W)=W and N(i+1, W)=N(i, W)U (N({, W)). ‘

Fact 2.1. In a d-regular graph |N(i, W)| is bounded above by d'+|W|.

Proof. |N(, W)]§(1+d+d(d—1)+.‘.+d(d—1)"‘1)[W[§[1+d@—_%1—)[m§
§[(l—d—g§]+di+1]lWléd“f‘[W[.

For two vertices u, w let dist (z, w) denote the distance between them, i.e.’
the length of the shortest path connecting them. For two sets of vertices U, W, let
dist (U, W)=min {dist (4, w)|uc U, we W}.

An (o, B, y)-expander is a graph with the property that for every set U s.t.

[U|=pn, |['(U)|=a|U|, and for every set U s.t. [Ulég, [P (U)|=y|U|.

We concentrate in this work on d-regular (e, 8, y)-expanders, with «=2
and O<y<1. Throughout, we define /=|o] as the spanning factor of the expander.
The input for our problem is given as a set /% ={(a;, b;)} of K disjoint
pairs of vertices in G. Our goal is to find K disjoint paths connecting g; to b;,
K K
i=1,...,K. Let A=1J a; and B=1{]J b;. We refer to the set 4AUB as the setof
i=1 i=1
end-points.
All logarithms mentioned in the paper are to the base 2 unless explicitly

noted otherwise.
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3. Existence proof for the edge-disjoint case

A two phase strategy is used in the existence proofs and later in the con-
struction algorithm. We first outline the strategy and the motivation for using it.

Suppose that we are given a set C of 2K vertices in G, all very far (e.g., O(log n))
apart. If G is an expander, then by a counting argument we can prove that no matter
how C is partitioned into pairs, these pairs can always be connected by vertex-disjoint
paths. In order to use this result for an arbitrary set of pairs «/4, we introduce an
initial phase in which we choose a set C of 2K vertices, O(log n) apart from each
other, and then connect the vertices of the set AUB to the vertices of the set C by
a set of disjoint paths. In the second phase we connect the points in C according to
the specification of &/ %.

The vertices in AUB may be very close to each other, and moreover, they
may be arranged in an inconvenient and highly congested interconnection. The
advantage of the two phase approach is that in the first phase, the paths from AUB
out do not have to obey any pairing requirements; they merely have to connect two
sets of nodes according to some arbitrary matching, which is a considerably easier
task. By the second phase, when the pairing specifications enter the picture, we
start from points that are already far apart.

There are stil two problems that have to be addressed in order to utilize the
above strategy. First, we have to prove that there are disjoint paths between the set
AU B and the set C. Secondly, we have to prove that even when the paths connecting
AUB to C are removed from the expander graph, the graph stil has the property
that any pairing of the vertices in C can be connected by disjoint paths. To guarantee
this we need to add some restrictions on the paths connecting 4U B vertices to C
vertices. In particular, these paths must be short and a path to ¢;6C must not use
vertices from a certain vicinity of any other ¢;€C, i#j.

These requirements make the first phase harder than may seem at first glance.
We cannot use a cut-set argument (Menger Theorem), since the paths constructed
by this argument are not necessarily short. Instead, we prove the existence of a set
of short paths by a two level construction of tree structures with special properties,
centering around the nodes of 4= B as internal nodes. In what follows we describe
these basic constructions and establish some preliminary lemmas leading to the
existence of the first-phase paths (Theorem 3.10). The second phase is handled in
Theorem 3.13.

We first show that for every set of vertices U of size at most fn there exists
a special subgraph which we call (U, I)-forest. This subgraph is a collection of direc-
ted trees, in which the nodes of U are internal. We now give a more precise definition.

Definition 3.1. For any given set UcV and I=2, a (U, I)-forest is a directed
acyclic subgraph Gr=(V;, Er) with the following properties:

(F1) USVCV.

(F2) [Vel={+DIT].

(F3) E:SE (looking at the underlying undirected edges).

(F4) For every v€Vg, indegree (v)=1.

(F5) For every veU, outdegree (v)=I.

Theorem 3.1. Let G=(V, E) be d-regular (u, f§,y)-expander s.t. a=2, and let
I=\o]. Then for every set UCV s.t. |U|=pn there exists a (U, I)-forest.
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Proof. Extending techniques that were introduced in [5], we give an iterative algorithm
for constructing the (U, I)-forest Gp=;, Ef). We start with an empty Gy and a
copy G of G, and repeatedly add edges to Gy while deleting parts of G. Throughout
the process we let U denote the collection of nodes from U whose outdegree in the
forest is still less than /.

We use the following terminology. For every set W<V, define the assets
of Was A(W)=|['(W)|. (Recall that ['(W)]is the set of neighbors of W in G that
are outside W.) In every moment during the construction and for every v€ U, define
the commitments or liabilities of v, C(v), as the number of children that v still needs
to get. Clearly 0=C(v)=/. For every set WCSU, let C(W)= 2’ C(v). Define

the balance of W as B(W)=A(W)—C(W). A set WEU is good if B(W)=0,
critical if B(W)=0 and bankrupt if B(W)=<0. As the copy G of G changes along
the process, the definitions of assets and balance are used with regard to the modified
version G. We say that the situation is good w.r.t. U if every set WU is good.

The algorithm is based on repeated applications of a procedure INSERT (u, ).
The input to this procedure consists of two vertices u€U and v€V such that v’s
indegree in the forest is still 0 and (u, v)€ E. The procedure adds v as a child of u in
the constructed forest, eliminates v from the graph G and updates the counter C(u)
and the set U accordingly. The entire iterative process is required to maintain the
situation good w.r.t. the set U.

Procedure INSERT (u, v).

1 VeV U{u, v}

2. EF*EFU {(u, U)}. =
3. Remove v and all its incident edges from G.
4. Cw)~C@w)—1. _

5. If C(u)=0 then U~<U\{u}-

The Construction Algorithm

(Children in the forest.) Initially U=U, G=G, Vy=Ez=# and C(v)=! for
every vEU.

While U=0 do:

1. Find a vertex v€f(U) in G.

2. Find a vertex ucU such that (u, v)€ E and applying INSERT (1, v) maintains the
situation good w.r.t. U.

3. Apply INSERT(u, v).

The main step on the way to proving Thm. 3.1 is to show that the iterative
process never gets stuck as long as U 0.

Lemma 3.2. In the beginning of the construction the situation is good w.r.t. U.
Proof. Consider any set WS U. Then

. AW) =T =W |=1IW|=CW),
so Wis good. J
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Lemma 3.3. If U is nonempty and the situation is good w.r.t. U then step 1 can be
executed.

Proof. We need to show that under the assumptions of the lemma, F(0) is non-
empty. For every ucU, C(u)=0. Therefore C(U)=|U|>0. Since the situation is
good w.r.t. U, |I(O)=40)=C(U)=0. ]

Lemma 3.4. If U is nonempty and the situation is good w.r.t. U then step 2 can be
executed.

Proof. Consider the situation after step 1, i.e., after choosing a node vel’(U). The
node » has neighbors in U, and it was not inserted into the forest as a child in previous
iterations (otherwise step 3 of procedure INSERT would remove v from r D).
We need to prove that under the assumptions of the lemma there is at least one
neighbor uc¢U of v such that the situation remains good w.r.t. U after applying
INSERT(u, v). Let u,,...,u,, k=1, be v’s neighbors in U, through the edges
e;=(u;, v), for 1=i=k. We prove the claim by contradiction. Thus, assume that
the choice of v as a child of any #; will cause the situation to become bad, i.e., there
are sets W, ..., W,SU such that choosing v as a child of u; will make W, bankrupt.

Claim 3.4.1. For every 1=i=k, udW,.

Proof. Assume that u;€ 1. Then by choosing the edge (u;, v), both A(W) and C(W))
are reduced by 1, so B(W;) does not change. Hence W] has to be bankrupt already;
a contradiction. |

Claim 3.4.2. For every 1=i=k, vel (W).

Proof. Assume that v¢[ (). Then by choosing the edge (;, v), A(W,) stays the
same, so B(W]) too does not change. Hence W, has to be bankrupt already; a con-
tradiction. |}

At this point observe that if k=1 then we can already complete the proof
of the lemma by deriving a contradiction. This follows immediately from the fact
that (1) v has a single neighbor in U, namely #,, (2) v has a neighbor in W, (Claim
34.2), and (3) 1,¢W (Claim 3.4.1). Therefore we carry on assuming that k=2.

Claim 3.4.3. For every 1=i=k, W, is critical.

Proof. After choosing the edge e=(y;, v), B(W) becomes negative. But C(W))
does not change by choosing e, and A(W;) is reduced by at most 1. Hence B(W;)
has to be 0. J

Claim 3.4.4, For every sets A,B,C, D, if (1) AUBSCUD and (2) ANBSCND,
then |A|+|B|=|C|+|D).

Proof. [4]+|B|=|4UB|-+|4NB|=ICUD|+|CND|=IC|+|D|. 1
Claim 3.4.5. For every X, YCU, B(XUY)+B(XNY)=B(X)+B(Y).

Proof. It is clear that C(XUY)+C(XNY)=C(X)+C(Y). We need to show that
IP(XU D) +IL (XN Y)Y =|0(X)|+|L(Y). By the previous claim this reduces to
showing that (1) I'XUY)UPXNY)SI(X)UFL(Y), and () FEUN
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NPEXNY)SLX)NL(Y). These can be shown by a straightforward case ana-
lysis.

Corollary 3.4.6. For every X, ..., X, SU, B(UU X))= > B(X)). |
1<k i=k

Denote W*=J W,. Let us temporarily remove v and the edges e, ..., ¢

- i=k
from the graph G and re-compute the balances of our sets, denoting the new values
by 4, C’ and B’. For every set W, we have 4’ (W;)=A(W;)—1 and C’'(W;)=C (W),
hence also B’ (W;)=B(W;)—1, and since W;is critical, B’(W;)=—1. By Cor. 3.4.6,

B'(W*) = B’(.szk w)= gk B(W)=—k.

Since k=2, we have B’(W*)=—2. On the other hand it is clear that 4"(W*)=
=A(W*)—1 and C’'(W*)=C(W?™*), hence also B’ (W*)=B(W*)—1, so B(W*)=
= —1. Hence W* is bankrupt, contradicting the assumption that the situation is
good w.r.t. U.

This completes the proof of Lemma 3.4. |

The proof of Theorem 3.1 is now completed upon noting that when the process
is terminated, i.e., U=0, the resulting subgraph Gy indeed satisfies properties (F1)
through (F5) in the definition of a (U, /)-forest. In particular the size of ¥ is bounded
by the fact that each v€ U has exactly / children while each v€Vp\ U is a leaf.

We now proceed, using the existence of (U, I)-forests, to prove the existence
of more complex structures in the graph.

Definition 3.2. Let WcV, W={w,,...,w,} and let =2, m=1. A (W, m)-
structure is a subgraph Gs=(V%, Es) composed of a collection of n pairs (7}, p(w;, ),
one for each node w;€ W, where T; is a directed subtree rooted at a node r; and
p(w;, ;) is a path connecting w; to r;. The collection satisfies the following properties:

(S1) Each T;is a full directed subtree of degree / and depth m, hence it has I” leaves.
(S2) The subtrees are vertex-disjoint from each other and from the paths.

(S3) The paths are edge-disjoint and their length is at most [log, #]+1.

(S4) Ve N(m-+log; nl+1, W) and |Vg|=dm+Mesnl+iy

(In fact, (S4) follows directly from the rest of the definition, but it is useful
to state it explicitly.)

Theorem 3.5. Let G=(V, E) be a d-regular (o, B, v)-expander, where a=2, and let
I=\a|. For every set WV and for every m, q, y=1 such that |Wl=n, g=m-+
+log; n]l+1 and dw=Pfn there exists a (W, I, m)-structure.

Proof. Let U=N(g—1, W). By Fact 2.1, |U|=d=pfn, and by Theorem 3.1
there exists a (U, [)-forest Gp=Vg, Ep) of size [Vil=({+1)d%=dty. We con-
struct the (W, I, m)-structure Gg=(Vs, Es5) as a subgraph of the (U, )-forest. For
every node v€V;, denote by S, the subtree rooted at v in the (U, )-forest. We say
that S, is clean if it contains no node from W (in particular »¢ W). In case S, is
full up to depth m, we call it a large subtree, and denote by S™ the tree obtained
by truncating S, at depth m.

Let us now describe a process of associating a pair (T}, p(w;, r;)) with each
node w;€ W. Each vertex v in ¥ has to “‘suggest” a candidate pair (p, T) to its parent.
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Pw>5) P(WA.Q) ‘ l—logl nle

Fig. 1. A possible (W, [, m)-structure, n=4

These suggestions are made according to the following rules. Assume v’s parent is
u, and let e be the edge connecting u to v.

1. If v¢W and S, is clean and large, then v suggests (e, S™).

2. If S, is not clean and some (at least one) of +’s children have made suggestions
(P1, TJ), s (pj» T]) to v, then v sclects the pa1r (21, T;) with the shortest path
pi,» and suggests (p’,T7) to its parent, where p’ is e.p;, the concatenation of
e and p;.

In addition, if v€ W then v selects the pair with the second shortest path for itself.
We first need to guarantee that every node in W gets to select a pair.

Lemma 3.6, Consider a node vEV; such that S, is not clean. The number of suggestions
v gets from its children is at least one, and is | if vEW.

Proof. We prove the Lemma by structural induction on the (U, /)-forest Gy. That
is, we first prove the claim for the leaves of G, and then we proceed to prove that
if the claim holds for every vertex in S,— {v} for some v€¥; then it must also hold
for v. Clearly, the claim holds vacuously for every v€¥; such that S, is clean, and in
particular for the leaves (since vertices of W cannot be leaves in Gy). The only in-
teresting base case is that of a node v€V; such that S, is not clean but for every
lower node u€S,, u>v, S, is clean. This necessarily means that v€ W but every
lower node in S, is not in #. Denote the children of v in Gy by vy, ..., v, and let
e; be the edge connecting v to v;. Then for each child v; of v, 1=i=], S, is clean
and large, since S, is full up to depth at least ¢. Therefore each v; suggests (e;, Sy)
to v, so v gets I suggestions. Now consider the case of a node v for which there is a
lower node u€ S, u>v, such that S, is not clean. In particular this means that S,, is
not clean for some child v; of v, By the inductive hypothesis, v; gets at least one
suggestion from its children, so it passes on a suggestion to v. Finally, if v€W, then
every child v, with an unclean subtree S, gives v a suggestion by the inductive hy-
pothesis, and for every child v; with a clean subtree, this subtree is also large (for
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similar considerations as in the base case), so it too makes a suggestion. So again
v gets [ suggestions. []

As a result of this lemma it is clear that every node w,£ W gets to select a
pair (T3, p(w;, 1)) for itself. We next have to verify that the paths in selected pairs
are not too long.

Lemma 3.7. For every node w€W, the pair (T;, p(w;, 1)) selected by w; satisfies
|p(w;, r)l=1log; n1+1.

Proof. S, is full up to depth g=m-I[log; #1+1. Consider the set of vertices of
the ([log; n1+1)st level of this tree. There are at least 5 such vertices in every sub-
tree S,,, 1=j=I, where v, to v, are the children of w;. Therefore in every subtree
S, there is at least one node z; at the (Mog; nl)th level such that S, is clean. Also
S, is large. Let p, denote the path from v to z;. Clearly, either (p,, S, ;) reaches
v as a suggestion from v; or v gets from v, a suggestion with a shorter path. In either
case, the suggestions v gets from each v, include a path of length at most [log, #]--1.
Therefore the second shortest suggestion (which gets to be selected) satisfies the
requirement of the lemma. J

This completes the proof of Theorem 3.5, as the rest of the conditions in the
definition of an (W, [, m)-structure are easy to verify. In particular, the various
disjointness requirements are taken care of by the selection process of the pairs.

We will also need the following technical lemma.

Lemma 3.8. Let G=(V, E) be a d-regular («, B, y)-expander, let u, véV, X, YTV
and let w,, p, be integers such that 1=p<p,=[log;n]—1, dist({u, v}, X)>u,
dist ({u, v}, Y)>ps, |X|<ly(y+1)¥] and |Y|<y(y+1)=—r. Then there exists a
logn , .
path of length at most 1=2|—————+u,| connecting u and v and not going

log (y+1)
through X or Y.

Proof. Let G’ be the graph obtained by removing from G the vertices of XUY along
with their edges. We now obtain some lower bounds on the size of i-neighborhoods
of # in G’, denoted N’ (i, u).

Claim 3.8.1. For 1=i=y,, [N, u)|=(@+1).

Proof. Note that for i=py,, [N’({, u)]=|N(i, u)]. The claim is proved by induction
on i. The case of i=1 is immediate since y<d. Now assume the claim for i<y
and consider i+1. Since i<y, =[log;n|—1, by Fact 2.1 |N(i,u)=n/2, hence
the expansion property applies to N(Z, u) and we get the inequality

IN(i+1, w)| = [N(, w)|+ [P (NG, )] = (p+DING, ).

This inequality, combined with the inductive hypothesis, yields the desired
claim. J

In particular, letting s; =[N’ (yy, #)|, we get s,=(y+1), and by the assump-
tion of the lemma , [ysy]>]X].

Claim 3.8.2. For py=i=pu,, |N'(,w)|=s;—1+(7+1)-#,
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Proof. By induction on i. The case of i=p; is immediate, and the general case
(i+1) is again based on fact that when i<p,=jlog;n|—1, the expansion property
applies to N(i, u) and

IN'(i+1,u)| = |N'(J, u)l+[f(N’(i, u))l—lXI = (y+ DN, w)|— | X].
This inequality, coupled with the inductive hypothesis, yields
IN(i+1, 0| = (p+D(si— 1+ (p+ 1)) —|X|
=5 — 1+ @+ mt (s —1)y—|X|
=5 — I+ +1)irta,
since (s;,—1Dy=lX|. B

In particular, letting s,=|N’(p, w)], we get sy=s;—1+(y+1)*—#, and

by the assumption of the lemma, s2>M— .

Claim 3.8.3. For i=p,, |N’(i,u)|=min {{n/2]+1, s,— 1 +(p+1)i—#}.

Proof. Again by induction on i. For the general case (i+ 1) observe that if | N’ (i, u)| =
=([n/2]+1 then so is |N'(i+1,u)|, and otherwise the expansion property applies
and we get

IN’(i+ 1, w)| = [N, w)| + | (N (i, w)| - | XUY | = (y+ DIN' (G, w)| — | XUY |
and proceed as in the previous claim uvsing the fact that (s,~1)y=|XUY]. |

Overall we get that for every i,

[N'(7, w)| = min {{n/2]+1, (y+ 1)+ (y+ Dt (p+ 1)-#—2}
= min {[n/2]+1, (y+1)i~*s}.

A similar result holds for v. It is therefore clear that for i,= [logl(zi -’lz—l) + i ]

both |N’(iy, Wl={nf2]+1 and |N’(iy, v)|={#/2]+1. Therefore they have a com-
mon vertex w in distance at most i, from each of them in G’, hence the shortest path
connecting them is of length at most t and satisfies the requirements of the
lemma.

Let us now define some parameters to be used throughout the rest of the
paper and mention some of the relations they satisfy. The motivation for these
definitions will become clear along the proofs. It is important however to notice
that the relations between these constants are fixed simultaneously for all the proofs
that follow.

Our constructions depend on a constant O<g@<1. Essentially the set U for
which we build a (U, I)-forest has to be kept of size at most n®. For the existence
proof and most of our algorithms we may use any ¢-<1, but for our distributed
algorithm (Section 4.3) we need to fix ¢ to a smaller value.
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Lemma 3.9. There exists a constant ¢=p(a, B, 7, @, d),

D. PELEG, E. UPFAL

We fix the following set of parameters.
O=sp=1,
I=lal,
0 =log d,
§ = ﬁfgj’
Yy = dlog(1+y) ’
6log*d
é
Yy = ‘3‘@,
= ¥, logn],
bs = iy +[¥. log n).

ously satisfies the following five requirements:

RD

R2)
(R3)

(R4)

(R5)

- @ —00
g+1°

¢ <Y, log(l+y),
e+ynlogd < Yy log (14y),

e+y,logd < %,

26
e+ +iy)logd < 3

O<pg=<1,

that simultane-

Proof. We need to verify that ¢—486, ¢, log (1+y)—y, log d, —;S——lpl logd and

26

3

and the fact that 1+y<d. ||

2y, +,) log d are all positivé, which follows immediately from the definitions

We are now ready to formulate the requirements on the set of paths generated
in the first phase of our strategy.

Definition 3.3. Let AUB, C be two sets of 2K vertices each in G, such that K=n?
for some constant g satisfying requirements (R1) through (R5) of Lemma 3.9. Set

0
m=3 [?log, n],
7, = [log, RK)]+m+1,

_ logn ]
%= 2o i4p THal
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We say that C is well-distributed with respect to G and AUB if
(WD1) dist (AUB, C)>1,+py + -
(WD2) For every ¢;, ¢;€C, dist (c;, c))=p +p,.

A set of edge-disjoint paths connecting AU B to C is said to be well-distributed
with respect to AUB and C, if

(WD3) The sum of the lengths of the paths is bounded by 2K (z; +1,).

(WD4) For every c;, c;€C the path connected to ¢; does not use any of the vertices
in N(p, ¢;)-

Theorem 3. 10. For any n-vertex d-regular (o, f, y)-expander G with sufficiently large
n and a=2, and for any two sets of vertices AUB and C such that |[AUB|=|C|=
=2K=2n? (for some constant ¢ as in Lemma 3.9) and C is well-distributed w.r.t.
AU B, there exists a set of well-distributed edge-disjoint paths connecting AUB to C.

Proof. Let AUB={v,, ..., vox} and C={cy, ..., c5¢}, and assume that C is well-
distributed w.r.t. 4UB. Note that by requirement (R1) of Lemma 3.9, d©(2K)=fn
for sufficiently large n. Therefore by Theorem 3.5 there exists an (4 U B, /, m)-structure
Gs=(V;, E5). By property (S4) of Definition 3.2 the size of the structure satisfies
Vsl =dn+1(2K), which by requirement (R1) of Lemma 3.9 again, is bounded above
by n® for sufficiently large n.

Next we find a set of “scattered” vertices D={d,, ..., dpx}.- Each vertex
d€ D is aleafin a distinct subtree 7} in the structure Gg. The (4UB, I, m)-structure
immediately induces a set P of edge-disjoint paths p(v;, d;) connecting each v,€ AUB
with the corresponding leaf d;. Each such path p(v;, d;) is obtained by concatenating
p(v;, r) with the unique path p(r,, d;) connecting the root #; to d; in T;. Note that by
properties (S1) and (S3) of the (4\UB, I, m)-structure (Definition 3.2), each of these
paths is of length at most 7. In addition, the set of vertices of D and the associated
set of paths P are required to satisfy the following properties:

(D1) For every two nodes d;, d;€D s.t. i#j, dist(d;, d;)=>py+ .
(D2) For every two nodes d;, d;€D s.t. i), dist(d;, V(o (v;, d)))>py-

(Recall that ¥ (p) denotes the set of vertices in the path p.)
Lemma 3,11. There exist such sets D and P.

Proof. We construct these sets inductively by choosing the vertices d;¢D one by
one, and fixing the paths p(r;, d;) leading to them in a way consistent with the previous
choices. (The path p(v;, d;) is then obtained by concatenating the segment p(v;, F;)
supplied by the structure G with the chosen segment.)

Suppose we already chose i—1 vertices and paths and placed them in the
sets D and P respectively, We choose the new vertex d; and the path leading to it,
p(r;, d)) in such a way that d; satisfies

(1) dist (dy, D)>p +ps,
(2) For every j=i, dist(d;, V(p(v;, r))> >
(3) For every j<i, dist(dy, V(p(v;, d)))> 1>
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and that p(;, d;) satisfies

(4) dist (Ds Vip(r;, di)))>ﬂ1 .

It is easy to verify that if each of our choices satisfies requirements (1) through
(4) then the final sets satisfy the desired properties (D1) and (D2). However, in order
to make the induction go through we need to add one more requirement, namely,

(5) For every j=i, dist (d;, V(IT™)>m.

(Recall that T* denotes the tree T truncated at depth i.)
Define the following sets:

X] = N(u+ps, D),
X; = U V(P(’Uj, rj))s
J=i

X;= UV(p@;,dy)

J=<i
X4 = N(ﬂls D)9
X; = Uvamm,

J=i
Xogs = N(y, X3UX;UXD).
D contains (i —1) vertices, so by Fact 2.1

|1X,| = 2Kdm+1 = 2dnetinlosd
and
|X;| = 2Kdm+rtl = Jdne+@intiglosd,

Similarly, X;UX;=2Kt,=2t,n° and |X}|=2KI"3+1=2Ine+%3, so
| Xass| = 2, ne+¥a108d 1 2 ne-+313-+v,loed,

Eliminate the vertices of X;U X, and all their adjacent edges from the graph for
the rest of step i. Consider the tree T;. This tree has /™*=n%?® nodes at depth m/3.
By requirement (R4) of Lemma 3.9 this number is larger than |X,| for sufficiently
large n. Therefore there must be some vertex u at depth m/3 in 7; such that the
subtree of T; rooted at u, S, contains no vertex of X,. A simple counting argument
shows that even after erasing the vertices of X; U X35 there is still at least one leaf
in S, which is not erased. This is true because S, has [2"/3=p?® leaves whereas
by the fact that 7,6 O(logn) and by requirements (R4) and (R5) of Lemma 3.9,
| X; U X,a5|<n?/? for sufficiently large n. We now claim that this leaf and the path
connecting it with r; satisfy properties (1) to (5) and therefore can be chosen as 4
and p(r;, d;). Clearly, choosing the leaf after the elimination of X; U X,q; guarantees
that it satisfies properties (1), (2), (3) and (5). It remains to show that the newly
constructed path p(r;, d) satisfies property (4). This path is combined of two segments,
p(ri,u) and p(u,d). For any d;€D, j>i we have dist(d;, V(p(;,u)))>u, by
property (5) in the inductive hypothesis on d;, and dist (d;, ¥V (p(u, d;)))>p, since
S, contains no vertices of X;. ||
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Once the vertices in AU B are connected to vertices in D we can use Lemma
3.8 iteratively to prove the existence of paths connecting the vertices in D to vertices
in C. This is done as follows:

Lemma 3.12. There exist 2K vertex-disjoint paths p(d;, ¢;), 1=i=2K, each of length
at most t,, with the property that for every i, p(d;, c;) connects di€D to ¢,C and
goes through no vertices from the p,-neighborhood of any vertex of DUC (except
its endpoints d; and c;) and through no vertices from the paths p(v;,d)), 1=j=2K,
J#L

Proof. We show that it is possible to choose the paths one by one. Assume we al-
ready chose i—1 paths p(d;, c;), 1=j=i—1<2K, and now we have to connect
d; and ¢;. Let

i—-1
X = V(P(dj9cj))9 X, = U V(P(’”ja dj))’ X =XxUX,
d ji=1 1=j=2K, j=i
an

Y = N(ﬂl, DUC"'{d” Ci})'

D and X, are contained in the structure Gg which by property (S4) of Defini-
tion 3.2 is contained in N(z,, 4UB), and since C is well-distributed w.r.t. AUB,
by property (WD1) of definition 3.3 dist (C, D)>u, +p, and dist (C, X,)>pu, + i,
Combined with properties (D1) and (D2) of D, property (WD2) of Definition 3.3
and the inductive hypothesis we get that dist ({4;, ¢;}, X)>p, and dist ({d;, c;}, ¥)>
>u,. Also, the length of paths p(v;, d;) is bounded by 7,, and by the inductive
hypothesis the paths p(d;, c;) constructed so far are of length at most z,, so

X| = QK-+ — D1y < 2(ry +12) 1.
Both 7,, 1,€ O(log 1), so by requirement (R2) of Lemma 3.9, for sufficiently large n

1X| < [ nwllog(l+7)] = [y(147)#).

?
I+9
Finally, using Fact 2.1 we get

Y] = 2K —2)dm+1 = 2dne+b,loed

so by requirement (R3) of Lemma 3.9, for sufficiently large n

lY] < i I_y plalog(+y) < y(l +‘y)“!"'"1,
Hence all the premises of Lemma 3.8 are satisfied, and we now deduce the existence

of a path of length at most t, connecting d; and ¢; and going through no vertices of
XUY, as required. ||

Combining the paths p(v;, d}) and p(d;, ¢;), 1=i=2K asserted in Lemmas
3.11 and 3.12, we get a set of well-distributed edge-disjoint paths p(v;, ¢;), 1=i=2K
connecting AUB to C. This, at last, completes the proof of Theorem 3.10. J

For the second phase of our strategy, namely, connecting the nodes of C
according to the pairing requirements of <74, we need
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Theorem 3.13. Let G be an n-vertex d-regular (a, B, y)-expander with sufficiently
largen and a=2, andlet AUB and C be two sets of vertices such that |AUB|=|C|=
=2K=2n* and C is well-distributed with respect to AUB. Let P be a set of edge-
disjoint, well-distributed paths connecting the vertices in AUB to the vertices in C.
Then for any partition of C into pairs there are D vertex-disjoint paths connecting
these pairs such that the path connecting c; to c; uses no vertices of paths from P except
p(v;, ¢;) and p(v;, c;).

Proof. Assuming a partition of C into k pairs, we construct the paths connecting
the pairs one by one. The choice of each path is done using Lemma 3.8 with appro-
priately defined sets X and Y, in a way similar to Lemma 3.12. Details are
omitted. JJ

Combining the two phases together, using Theorems 3.10 and 3.13, we have

Theorem 3.14. Let G={V, E) be an n-vertex d-regular (a, §, y)-expander with suffi-
ciently large n and a=2. There exists a constant g9=g(a, B, 7, ¢, d) s.t. for every
set of vertex-disjoint pairs B ={(a;, b)la;, b€V, 1=i=K}, K=n®, there exist
K edge-disjoint paths in G connecting the pairs. |}

Note. The set C is actually not needed for the existence proof itself. In fact, the
proof can be simplified as follows. Once we prove the existence of the set D of scat-
tered leaves in the (4UB, I, m)-structure Gy, we can use the nodes of D themsclves
as starting points for the second phase. Thus, we can identify pairs df, d/€D as
the mates of pairs (a;, b;)€ /%, and these pairs in D can be shown to have connecting
paths by an argument as in Lemma 3.12. However, the more complex proof proce-
dure has to be followed in the algorithms discussed in the next section. The reason
is that we cannot compute the structure Gs efficiently, and without it we cannot
find a set D with the required properties, whereas a set C with the right properties
can be found without knowing the structure Gg, simply by choosing its elements far
enough from AU B.

4, Algorithms for the edge-disjoint case

In this section we give several algorithms in various levels for constructing
edge-disjoint paths. In Section 4.1 we derive a polynomial time algorithm based on
the existence proof of the last section, and in Sections 4.2 and 4.3 we describe an
RA"E algorithm and a distributed algorithm, respectively.

4.1. Polynomial time algorithm

The existence proof given in the previous section does not translate directly
to an efficient sequential algorithm. In particular we know no way to identify an
(AU B, I, m)-structure in polynomial time, thus we cannot construct directly a set
of well-distributed paths connecting the set AUB to a set C of well-distributed
vertices.

The algorithmic solution is based on the following idea. While we cannot
actually construct the (4UB, [, m)-structure, we can identify its boundaries by
marking a 7, -neighborhood around the set AU B. We then choose the vertices of C
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deterministically as some arbitrary nodes outside N(t;+p;, +u,+1, AU B) satisfying
the distance requirements. Then we rely on the fact that a set of well-distributed
paths connecting AUB to C exist, and compute such paths by defining a min-cost
max-flow problem on a modified graph G with the following property: the paths
employed by the solution to the flow problem in G correspond to well-distributed
paths in G, whenever such paths exist.

Note that because the t, -neighborhood of AUB has to be of size at most
n®, we have the constraint that datm*m+1K=p®. This forces us to strengthen
requirement (R1) made on ¢ in Lemma 3.9 and replace it with

¢—60—@1+yp)logd

(R1) D<po=< 041

This new requirement can be met by some ¢ values as long as 0<d60+
+{¥; +¥.)log d<¢, which indeed holds for the values of J, i, and ¥, chosen
earlier.

Algorithm 1

Step 1: Construct the graph G from G as follows:
1.1. Add a source vertex s and a target vertex ¢.
1.2. Connect s by a directed edge to each vertex in AUB.
1.3. For each vertex v€C do the following. Replace N(y,, v) by two ver-
tices v;, vy, connect every vertex in I'(N(y,, v)) by a directed edge to
v;, connect v, by a directed edge to every vertex in I'(N(y,, v)) and
add a directed edge from v, to v, and from v, to ¢.
1.4. Give each edge in G capacity 1 and cost 1.
Step 2: Apply a min-cost max-flow algorithm on G to find precisely 2K edge-disjoint
paths with minimum total length connecting s to 7. Translate these paths
back to G, to form a well-distributed set of paths connecting AUB to C.
Step 3: For i=1 to K do:
Let C(a;) denote the vertex in C connected to ;€ AU B by the flow algorithm.
3.1. Remove from the graph all vertices belonging to existing paths and to
the u,-neighborhoods of C(a;) and C(b;), j=i, along with their edges.
3.2, Mark a shortest path connecting C(q;) to C(%,).

Theorem 3.13 guarantees the existence of K paths connecting the pairs of
vertices in C, Thus we prove:

Theorem 4.1. There exists a constant g=¢(a, B,v, 0, d) s.t. for any n-vertex d-
regular (a, B, y)-expander with sufficiently large n and a=2 and for any set of K=n°
pairs, the pairs can be connected by K edge- disjoint paths in O(Kn?) steps. |

4,2, Random-A"% algorithm

The main-cost max-flow problem phase of the sequential algorithm is redu-
cible to a problem of weighted matching with bounded weights in a dn-vertex graph
[9, p. 187]. Thus, the flow phase is in Random-.4#"¢. The second phase in which
nodes of C are connected according to the input requirements appears to be in-
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herently sequential, and we replace it by a probabilistic phase based on random
walks.

Algorithm 2

Step 1: Choose a set C of 2K random vertices (each 2K-subset of ¥ is chosen with
equal probability).

Step 2: As in the sequential algorithm use a min-cost max-flow parallel algorithm
to construct 2K disjoint paths of minimum length connecting the vertices
in AUB to the vertices in C.

Step 3: For each vertex C(q;), i=1, ..., k, mark K%log® n random walks of length
¢ log n starting at C(a;). (T he constant ¢ is fixed in the proof.) Starting at
each vertex C (b;) mark one random walk of length & log n.

Step 4: Let D(b;) denote the end-point of the random walk starting at C(b;). Let
9 (a;) denote the set of end-points of the random walks starting at C(a;).
Choose a vertex D(a;) in @ (a;) with a shortest path to D(b;), and connect
D(a;) to D(b;) by a shortest path.

Lemma 4.2. If K=n* then the minimum distance between any vertex xc AUBUC

and any vertex ycC, x#y, is u;=(1—-20"—¢)log; n with probability I—Sd%a—.

Proof. The probability that a partlcular pair (x, y) violates the requirement of the

dtastl
=dn—%~-¢, Hence over all 8K?

lemma is bounded above (by Fact 2.1) by
pairs the probability of violation is bounded by 8dn=*. |

Lemma 4.3. Using the probabilistic parallel weighted matching algorithm of [11],
Step 2 uses O(log?n) time and 0((dn)3) processors and with hzgh probability finds a
set of well-distributed edge-disjoint paths connecting each vertex in AUB to a distinct
verticesin C. . ||

The core of this section is the analysis of steps 3 and 4. The proof is based on
the algebraic characterization of expander graphs and its implication to the analysis
of random walks on expanders

The following lemma is a simple corollary of Theorem 2.5 in [3]:

Lemma 4.4. If G is a d-regular (a, §, y)-expander, A(G) the adjacency matrix of G’
and ) the second largest eigenvalue in absolute value of A(G), then 7= 1. §

Perron—Frobenius theory of non-negative matrices provides us with an
estimate on the rate at which the distribution of a random walk on G convergences
to its limit distribution.

Lemma 4.5. [15] Let P, denote the probability that a random walk starting at

J
node x reaches node y in the j'th transition. Then P, ’_(2] +%. |

We now fix §=2(log %]‘1
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Lemma 4.6. If 6o’ =y, log %—s for 0<s<% then with probability 1—n=%, all

the random walks starting at any processor x are vertex-disjoint from the random walks
starting at any vertex y, x=y, and from the set of well-distributed paths connecting

AUB to C\{x}.

Proof. Since x, y€C, the shortest path between x and y has at least length
(1-2¢"—e)logg;n (Lemma 4.2). Let P(x)=x;, X5, ... and P(¥)=¥;, Vs, ... denote
two random walks starting at x and y respectively. We say that P(x) hits P(y) if
x;=y; and j=i (i.e. P(x) chose a vertex that was already on P(y) or they chose
the same vertex simultaneously). Because of the distance between x and y, P(x)

cannot hit P(y) at its first k=% (1—2¢”—¢) logy n random choices. The probability

k
that P(x) hits P(y) at all is bounded, using Lemma 4.5, by (£ log n)? [g] . Overall

there are X=K+4K3log®n random walks. Thus the probability that P(x) hits
any of the other X—1 random walks is bounded by

2. k
etogny (%) -,
Similarly, since the paths connecting AUB to C are well-distributed, the distance
between x and vertices of any path leading from AU B to another vertex y in C is at

least u,. Thus, the probability of a random walk starting at x hitting any of the
well-distributed paths connecting AUB to C— {x} is bounded by

A
2K (7 +1)Elogn [7] .

Altogether, the probability that any of the X random walks intersect with any other
path is bounded by

X [2K [1:1‘:25 logn (g—]nl+(f log n)? (-—2—]1‘] X— 1)] = n-t

Lemma 4.7. With probability 1— Togn the algorithm constructs 2K vertex-disjoint

paths connecting C(a;) to C(b), i=1,...,K.

Proof. It remains to show that the shortest path connecting D(a;) to D(b;) does
not use a vertex of any other path. We first observe that given i and a particular
element x€ 2 (q;) (endpoint of a random walk), the probability that x is not among

n . . 1 1 ) .
—_— ; —_ H1+=].
the Klogin nearest vertices to D(b;) is at most (1 Y& logzn)( + - This
follows from the fact that the random walks are long enough to ensure, using Lemma
4.5, that the endpoints are almost random locations, namely, the probability to end

. . . 1 yi Glogn
in an arbitrary vertex y is bounded above by 7-{-(7) §%+-};12—. Hence the

o . . . . 1 1)
probability that D(a;) is outside this set is at most [(1 _Wg_z—n_) (1 —7)] =
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§e“l°g"<%. Therefore with high probability, for every i D(a,) is among the

le?)g_zn nearest vertices to D(%,). On the other hand, for each i the vertex D(b)
was chosen independently of the rest of the paths. Therefore with high probability,

for every i, the nearest vertices to D (b;)containno vertex of paths leading

"
K2log®n
to any other vertices. (The number of nodes on such paths is at most O(K log7)

1 ) .
—— | fi lar i
X logn orany particular 7, and at

] over all pairs.) Since the path connecting D(a;) to D(b,) lies entirely

so the probability of interference is O [K log n

most O ( 1
logn

within the set of nearest vertices to D(b;), with high probability, for

n
K?%log*n
any i, the shortest path connecting D(g;) and D(b;) does not use vertices of any
other path.

Successive runs of the algorithm, even on the same input, are probabilistically
independent. Thus we can improve the failure probability of the algorithm at the
expense of increasing its run-time, and get

Theorem 4.8. There exists a constant ¢’ (&, §, 7, ¢, d) s.t. for every n-vertex d-regular
(o, B, y)-expander with sufficiently large n and o=2, and every set o/% of K=n?
pairs, the pairs can be connected by edge-disjoint paths by a parallel probabilistic
algorithm in O(rlog? n) parallel steps, using O((dn)®) processors with success proba-
bility 1 —erlosloen,

4.3. Parallel-distributed algorithm

The ultimate goal of this work is an algorithm that computes disjoint paths
in an interconnection network using only n processors which reside in nodes of the
network, and communicating by messages through links of the network. Messages
have no more than O(log ») bits and at most one message can traverse an edge in
one communication step. In this section we present a version of the parallel algorithm
that works in this model.

There are two main difficulties in obtaining such an algorithm. We first have
to reduce the number of processors used by the Random-A4"% algorithm from
O((dn)®) to O(n). Then we have to show that the PRAM algorithm can be simulated
in polylog time in the parallel-distributed model.

We first present an O{n) processor PRAM algorithm. The only part of the
previous algorithm that actually needs more than » processors is the flow phase.
While we cannot eliminate this phase, we can show that for K=n®", ¢”"<g’, the
flow phase can be restricted to a subset of the graph with no more then O(n'/%)
vertices. This flow task can be solved in polylog time using only O(n) processors.

nl/B
2K
of the set o/Z. We will prove the existence of a set of well-distributed paths inside
the graph defined by the set of vertices H,p, |H pl=n"®. While we can prove the
existence of well-distributed paths, we can not predict in advance the set of end-

Given a set &/ 8, denote by H ;5 the set of vertices in the log -neighborhood
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points C of the paths. Instead we will choose a random set M such that with high
probability
1. Every 2K-subset of M is well-distributed.
2. M contains a set C that can be connected by well-distributed paths to /4.
Let Fp={v|dist (v, AUB)=m}. By Fact 2.1, |Fp|=2Kd™+. To’sselect
1
the set M, each element in F,5 starts a random walk of length R=10g,,%k-—m.

The set M is the set of end-points of these F,z random walks. For the proofs in this

ﬁlog—jli—e where A is the second eigenvalue of the adjacency
matrix of the graph.

section we fix ¢=

Lemma 4.9. With high probability every 2K-subset C of the set M is well-distributed
wr.t. AUB.

Proof, Let P, denote the probability that a vertex v is in M. Since P, is defined by
R

random walks on an expander graph, By Lemma 4.5 P,,§[(-—§-) +%)|F_‘4B|. Thus,

the probability that property (WD1) of Definition 3.3 is violated, i.e., that

dist (AUB, C)<1,+p, +pe+1, is bounded by

A
DK detmtitl. K gm+1. [(7) + —] = n-
n

Similarly, the probability that property (WD2) of Definition 3.3 is violated, i.e.
that the minimum distance inside C is smaller than u;+pu,+1 is bounded by

R
2Kdmdrtmtl. K gm+1. [(—2—] +%] =n""* |

Theorem 4.10. There exists a constant 9"=g"(a, B,y) such that for any n-vertex
d-regular (x, B, y)-expander G with sufficiently large n and a=2, and for any set of
vertices AUB such that |[AUB|=2K=2n%, with high probability there exists a
set of vertices CCM, |C|=2K, s.t. C is well-distributed w.r.t. AUB and is con-
nected to AUB by a set of well-distributed paths using only vertices of H,5, and
going through no p, -neighborhood of any vertex in M, except their endpoint.

Proof, The proof follows the lines of Section 3 but calls for some major changes,
since we need to prove the existence of paths residing inside the subgraph H,g,
which is not an expander. Also, the set C cannot be chosen in advance but is com-
puted dynamically. This computation cannot use an identical variant of Lemma 3.8,
because the proof of that lemma argues about large (size n/2) sets, and therefore
cannot be repeated inside H,p. Instead we need to employ a “‘random-walk”
argument.

The proof goes as follows. We identify an (AUB, [, m)-structure Gg, a set
of vertices D={dy, ..., dsx} and a set P of edge-disjoint paths p(v;, d;), 1=i=2K
as in Theorem 3.10. Thus we connected the vertices in AU B with the vertices of D.
We now attempt to find a subset C, CCMCF,, [C|=2K, and paths p(d;, c),
1=i=K, connecting D to C as required.
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For the purpose of the (non-constructive) proof, we assume that together
with the set M we are given the set of random walks #7, that defined M. Since DS F,p,
there is a path in M, for each de€ D, connecting it to a vertex in M. We use this set
of paths and define C to be the 2K end-points of the walks starting in vertices of D.

Lemma 4.11. With high probability the set of paths connecting AUB to C is well-
distributed.

Proof. Each path contains two segments. The length of the segment inside the
structure Gy is bounded by t,, and the length of the rest of the path is bounded by
1/6 log n<1,. Thus, the total length of the 2K paths is bounded by 2K (t;+7,),
and requirement (WD3) of Definition 3.3 is satisfied.

To prove that the paths are edge-disjoint we observe that the segments of
the paths connecting D to C are independent random walks. Furthermore, the
choice of D guarantees that the startpoints of the random walks are at least p, 4+ p, -1
apart from each other. Hence, using an argument similar to that of Lemma 4.6 we
prove that the probability that any of the random walk segments intersects with
any other path (either from 4UB to D or from D to C) is bounded by

PR
K3(7;+15) logn [7) =n—"°

Using similar argument, the probability that any of the paths uses a vertex
in the y,-neighborhood of the end-points of any other path is bounded by
R

4K? log ndm [%] =p—t Thus, requirement (WD4) of Definition 3.3 holds with
high probability. [
This completes the proof of Theorem 4.10. |

Algorithm 3
Step 1: Mark the set F,z={v|dist (v, 4UB)=m} and the set H z={vl|dist (v, AUB)=

1
=z — log, n}.

Step 2: [Run 2Kd™ random walks in parallel. Each v€F,p is a start point of d™
walks. The variable COUNT (v, i) holds the number of walks visiting v at
step 1.]
All processors v do in parallel:
Step 2.1: COUNT (v, 1)=d™ if vEE,s, O otherwise;

, 1 n .
Step 2.2: For i=1 to R_Flogdﬁ——m do:

2.2.1: Choose randomly a partition of COUNT(v, i) into d non-negative in-
tegers, with all possible partitions having equal probabilities. Let vy, ..., 1;
be the d neighbors of v. Assign the chosen integers into variables

v.o,,n Zv,v,,,

2.2.2: For j=1, ...,d do:

Send the value Z,,0,1 0 V),
Receive the value Zy,0,1 from v;.

[Z,,s,.i paths leave vertex v to vertex v; in their i-th transition].

2.2.3: COUNT(v, i+1)= 2 Z,

£ v,
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Step 3: Let M be the set of end-points of the 2Kd™ random walks.

Step 4: Construct a flow network H . as in the PRAM algorithm, using only the
vertices of H,y, and replacing C by M.

Step 5: Use O(n) processors to run a probabilistic parallel weighted matching algo-
rithm to find the min-cost max-flow between s and ¢ in the graph H, 5 of
O(#''®) vertices.

Step 6: Let C be the set of vertices in M which were connected to vertices in AUB
by the flow algorithm.

Step 7—8: As steps 3—4 of the Random-A4"% algorithm.

Lemma 4.12. With high probability, steps 1—6 of the algorithm generate a well-
distributed set of vertices CCM, |[C|=2K, and a well-distributed set of paths, con-
necting AUB to C. §

We now turn to the question of simulating the O(n) processor PRAM algo-
rithm on a network of n processors connected by a bounded-degree interconnection
expander. It has been shown in [7] that if the PRAM variables are distributed by
a hash function among the processors and if the processors are connected by a
butterfly network, then the simulation of a any T PRAM steps can be done in
O(T log n) steps. It has been shown in [13}, (Theorem 5.1) that each butterfly step
can be simulated in O(log n) steps on any expander interconnection graph. Com-
bining these results together we prove

Theorem 4.13. Any set of K pairs of vertices, K=n¥, can be connected by edge-
disjoint paths, in O(r log® n) parallel steps of the parallel-distributed model with success
probability 1 —e"esleen, §

5. The vertex-disjoint case

While the expansion property guarantees the existence of edge-disjoint paths
for a large number of pairs, this is not the case in the vertex-disjoint case.
To begin with, it is clear that for every d-regular graph (regardless of its

expansion), if K >—g— then there are sets of K pairs of nodes in the graph such that

not all paths are possible. To construct such a set, simply take an arbitrary vertex
as a,, choose all its 4 neighbors as a;, b,, ..., ag, by and take any other vertex as
b,. This proves:

Theorem 5.1. Given any d-regular graph, there is always a set of K =121-+1 pairs

of vertices that cannot be connected by vertex-disjoint paths. 1§

. . d .
However, there are examples in which even less than 5 pairs cannot be

handled. Such examples can be constructed in the following way. Let the set of pairs
be A={(a;, b)l1=i=K}, and let X={a;, v;, v3, ..., v} and Y={ay, by, ..., A, by},
where 7=d—-2K+2. Consider any (a, B)-expander graph containing {al, by, ...

w» ag, byU{v,, ..., v} in its vertex set and having Cy and By y as subgraphs
(where Cy is a clique on the vertices of X and By y is the complete bipartite graph
on X and Y). It is clear that there are no vertex-disjoint paths connecting the pairs
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(particularly, a, is disconnected from &; by the other vertices in 4). In order for us
to have such an expander we need to guarantee that (2K—2)=«a(¢t+1), or, that

Ea—(;(::i—):_)z—. In particular, this requires that a< d—2 . For such an expander,
all we can hope for is handling at most X é%—z— paths. Note that this
bound is no larger than ; and it converges to 0 with «. Thus
Theorem 5.2. For every integer d=2 and for every O<a<(d—2)/3 there exist a
d-regular («, B, y)-expander and a set of K =—%g-+l pairs of vertices that

cannot be connected by vertex-disjoint paths. §

a—3

Next we prove the existence of vertex-disjoint paths for up to K= pairs.

Theorem 5.3. Given an n-vertex d-regular (a, B, y)-expander with sufficiently large n,

“-—
2

paths, and these paths can be found by parallel probabilistic algorithms

1. in O(log®n) time on an O((dn)?) processor PRAM.

2. in O(log*n) time on the parallel-distributed model.

Jor every set of K= pairs of vertices there exist comnecting vertex-disjoint

Proof. We first show that for every two sets of vertices ZEUZCV where [Ul=pn
and Z=a—3 there exists a special subgraph which we call (Z, U)-forest. This sub-
graph is a collection of trees, in which the nodes of U are internal and the nodes of
Z are all roots.

Definition 5.1. For any two given sets ZcUcV, a (Z, U)forest is a directed
acyclic subgraph G;=(V;, E;) with the following properties:

(Z1) UK cv.

(Z2) E, S E (looking at the underlying undirected edges).

(Z3) For every veV;, indegree(v)=1.

(Z4) For every v€ U, outdegree(v)=2.

(Z5) For every v€ Z, indegree(v)=0.

Lemma 5.4. Let G=(V, E) be an n-vertex d-regular (a, f)-expander s.t. a=K+3
for some integer K=0. Then for every set UCV s.t. |U|=fn and for every set
ZcU st |Z|=K there exists a (Z, U)-forest.

Proof. Similar to that of Theorem 3.10, after re-defining I’ (for the purpose of this
proof only) to be ['(X)=I'(X)—X—Z. Some obvious modifications are necessary
in Lemmas 3.2 and 3.4.5.

Lemma 5.5. Let G=(V, E) be an n-vertex d-regular (v, f)-expander, where a=2K+3,
and let I=|a—1]. For every set AUBCV, AUB={v,, ..., vox}, there exist trees
Ti, ..., Tox in the graph such that

(1) Each T; is a full binary subtree of depth m, hence it has 2™ leaves.

(2) The root of T; is v;.

(3) The trees are vertex-disjoint.
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Proof. Let U=N(m, AUB). By the previous theorem there exists an (4UB, U)-
forest. In this forest each node v; of AUB is a root of some tree S, which is comp-

lete up to depth m at least, so choosing Sy, as T; meets the requirements. [

To complete the proof of Theorem 5.3, we use the disjoint trees to construct
a set D as in Lemma 3.11, only now the vertices in the set AUB are connected to
D by vertex disjoint paths. The rest of the proof is similar to the edge-disjoint case,
since the paths constructed there between the set D and the set C, and the paths
connecting pairs of vertices in C were already vertex-disjoint. JJ
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