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In a typical parallel or distributed computation model processors are connected by a spars 
interconnection network. To establish open-line communication between pairs of processors that 
wish to communicate interactively, a set of disjoint paths has to be constructed on the network. 
Since communication needs vary in time, paths have to be dynamically constructed and destroyed. 

We study the complexity of constructing disjoint paths between given pairs of vertices on 
expander interconnection graphs. These graphs have been shown before to possess desirable prop- 
erties for other communication tasks. 

We present a sufficient condition for the existence of K~-n Q edge-disjoint paths connecting 
any set of K pairs of vertices on an expander graph, where n is the number of vertices and 0< 1 
is some constant. We then show that the computational problem of constructing these paths lies 
in the classes Deterministic-~ and Random-,4f c~. 

Furthermore, we show that the set of paths can be constructed in probabilistic polylog time 
in the parallel-distributed model of computation, in which the n participating processors reside 
in the nodes of the communication graph and all communication is done through edges of the 
graph. Thus, the disjoint paths are constructed in the very computation model that uses them. 

Finally, we show how to apply variants of our parallel algorithms to find sets of vertex- 
disjoint paths when certain conditions are satisfied. 

1. Introduction 

I n f o r m a t i o n  exchange  be tween p rocessors  is an  essent ia l  c o m p o n e n t  o f  a n y  
para l le l  o r  d i s t r i bu t ed  c o m p u t a t i o n .  In  m o s t  app l i ca t ions ,  d a t a  t ransfer  be tween  
indiv idual  p rocessors  has  to be  done  t h r o u g h  a re la t ive ly  sparse  c o m m u n i c a t i o n  
network.  Processors  can  c o m m u n i c a t e  d i rec t ly  wi th  only  a few ne ighbors ,  a n d  m o s t  
communica t i on  has to t raverse  in t e rmed ia t e  nodes .  W e  m o d e l  such a c o m p u t a t i o n  
env i ronment  by  a bounded -deg ree  g r a p h  in which  nodes  represen t  p rocessors  a n d  
edges represen t  c o m m u n i c a t i o n  lines.  

The re  a re  two bas ic  me thods  for  es tab l i sh ing  c o m m u n i c a t i o n  in such m o d e l s :  
packe t  rou t ing  a n d  open- l ine  communica t i on .  In  p a c k e t  rou t ing ,  when p roces so r  
x wishes to  send a message  to  p roces so r  y,  x genera tes  a packe t  wi th  the  message  
and sends it to its des t ina t ion .  M a n y  packe t s  can t raverse  the  ne tw ork  s imul taneous ly ,  
and the i r  rou tes  m a y  over lap .  In  case o f  conges t ion ,  packe t s  m a y  have  to  wai t  in 
queues o f  i n t e rmed ia t e  processors .  In  open- l ine  c o m m u n i c a t i o n ,  on  the  o the r  hand ,  
a d i s jo in t  c o m m u n i c a t i o n  p a t h  is reserved  for  each pa i r  o f  p rocessors  tha t  wish  to 
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communicate. The edges of the path are dedicated to this purpose, and are released 
only when the communication terminates. 

Packet routing is advantageous when transmitting a large volume of small 
size messages. Open-line communication on the other hand, is more efficient in 
handling long or variable length messages, and bidirectional on-line interactive 
communication. 

In most instances of parallel and distributed computation, the communica- 
tion pattern changes through the execution of the algorithm and cannot be predicted 
in advance. Furthermore, processors may communicate with different partners at 
different stages of the execution. Therefore, in a sparse network, one cannot reserve 
in advance a communication path for each pair of processors that might wish to 
communicate sometime during the execution of the algorithm. Instead, communi- 
cation paths have to be constructed and destroyed dynamically according to the 
varied communication requests of the algorithm. This dynamic process of constructing 
disjoint paths on a sparse communication network motivates the work reported in 
this paper. 

While the probIem of packet routing has been extensively studied [18, 2, 17, 12] 
we are not aware of any theoretical study of the algorithmic aspects of open-line 
communication in bounded-degree networks. (For certain dense networks the 
problem was recently studied, cf. [16].) This lack may probably have to do with the 
proximity of this type of problem to NP-complete problems. The problem of deciding 
whether there are K edge- or vertex-disjoint paths in a given graph connecting K 
given pairs of vertices is known to be JlP~-complete. (The case of fixed K was re- 
cently shown to be in N [14] for any K.) The negative results can be circumvented 
in our case. In most applications there is some control on the pattern of the com- 
munication graph, so the input graph on which one is required to find the set of 
paths is not arbitrary. More importantly, in these applications it is required to find 
a large number of disjoint paths, but not necessary the maximum number possible. 

In this paper we concentrate our efforts on the important class of regular 
expander graphs. (A graph G=(V, E) is an (~, fl, y)-expander if for every set of 
vertices U s.t. I U[ ~ N V I ,  we have IF (U) -  UI ~c~l UI, and for every set of vertices 
u s.t .  IUI ~ _ IVl /2 ,  we have ll-'(u)-ul~=~,lUI, where F(U) denotes the set of 
neighbors of nodes in U.) These graphs have been shown to possess some properties 
which make them especially useful for applications in communication networks 
[I, 4, 13]. For example, it has been shown in [13] that expansion is a necessary con- 
dition for the optimal solution of general packet routing problems, and that the 
probabilistic packet routing algorithm of Valiant [18] can be implemented efficiently 
on any expander network. The study of expander graphs enables us to obtain results 
for a large class of networks rather than for one particular communication pattern. 
Furthermore, the rapid progress in the explicit construction of strong, low-degree 
expanders [10] suggests that these graph are very likely to become a feasible pattern 
for future communication networks. Here we explore the implementation of open- 
line communication on expander graphs. 

The major part of this paper is concerned with the problem of finding edge- 
disjoint paths, which is the usual requirement in communication applications. We 
first prove an existence result, giving sufficient conditions for the existence of K 
edge-disjoint paths connecting ai to b~ for any set d ~  = {(at, bl)} of K<=n ~ pairs 
of vertices, where n is the number of vertices and Q< 1 is some constant. 

The existence proof involves special structures that consists of sets of edge- 
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disjoint trees satisfying some special conditions. The existence of such structures 
in an expander graph implies the existence of a related set of disjoint paths. We 
demonstrate the existence of these structures by extending a construction technique 
developed in [5]. 

The existence proof does not yield directly efficient algorithms for constructing 
the paths, mainly because we cannot construct efficiently the tree-structure used in 
the proof. Instead, we show that the problem of constructing a set of disjoint paths 
on expander graphs, when such paths exist, can be reduced efficiently to a flow prob- 
lem. Together with the existence result, we derive an O(n~K) algorithm for construct- 
ing K edge-disjoint paths for K<--n ~ 

We then turn to the question of parallel computation of the paths, beginning 
with the PRAM model. While the flow part of the sequential algorithm is in Random- 
Xc~, the rest of the algorithm appears to be inherently sequential, since it uses the 
outcome of the flow phase to construct the paths one after the other. To overcome 
this problem we introduce a new technique, based on the properties of random 
walks on expander graphs. We use the algebraic characterization of expander graphs 
in terms of the eigenvalues of their adjacency matrices for the analysis of this phase 
of the algorithm. Thus, we obtain a probabilistic PRAM algorithm that uses O ((dn) 3) 
processors and runs in O(log 2 n) parallel steps. 

The PRAM model is too powerful for our typical applications, and is used 
mainly as an intermediate step towards our final goal, which is to construct the 
disjoint paths within the very same model Of computation that has to use them for 
the open-line communication. In this model, which we term the parallel-distributed 
model, there are only n processors that reside in the n nodes of the communication 
graph, and all the communication has to go through edges of the glaph, one message 
per edge per step. It has been shown before that any n processor PRAM program 
can be simulated efficiently by n processors working in the parallel-distributed model 
[7]. Our main difficulty is to reduce the number of processors used by the PRAM 
algorithm. The O((dn) 3) processors are needed in order to solve a flow problem on 
a graph of n nodes. We reduce the number of processors needed by restricting the 
flow problem to a subgraph of n 1/~ nodes. This gives us a probabilistic algorithm 
that runs in O(log ~ n) parallel steps on the paraIlel-distributed model. 

The following theorem summarizes our contribution in the edge-disjoint case, 

Theorem 1.1. There is a constant ~ depending only on ~, fl, ~ and d, such that for  
any n-vertex d-regular (~, fl, ~)-expander G with sufficiently large n and ~ _ 2 ,  and for  
any set ~r = {(as, b~)} of  K disjoint pairs o f  vertices, i f  K<-n ~ then 

1. The graph G contains K edge-disjoint paths connecting at to bl, i=  1 . . . . .  K; 
2. The K paths can be constructed in 0 (Kn ~) steps; 
3. The K paths can be constructed by a probabilistic P R A M  algorithm that 

uses O((dn) 3) processors and terminates in O(log 2 n) parallel steps; 
4. The K paths can be constructed by a probabilistie algorithm on the parallel- 

distributed model in 0 (log s n) parallel steps. | 

The techniques developed for the existence proof of edge-disjoint paths and 
for the sequentiaI and parallel algorithms, can be extended to the vertex-disjoint 
case. The number of disjoint paths that can be constructed in this case is naturally 
significantly smaller. 
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Theorem 1.2. 1. For every integer d > 2  and for every c~>0 there exist a d-regular 
d + l  

(~, p)-expander and a set o f  K -  c~ +-----~ T + 1 pairs of  vertices that cannot be 

connected by vertex-disjoint paths. 

every d-regular graph there exists a set o f  K =  2 + 1 pairs o f  vertices 2. For 

that cannot be connected by vertex-disjoint paths. 
3. For every n-vertex d-regular (c~, i~, 7)-expander with sufficiently large n and 

o~-- 3 
ot~_2, every set o f  K ~  2 pairs of  vertices can be connected by vertex-disjoint 

paths. This set can be constructed by probabilistic algorithms, in 0 (log ~ n) parallel 
steps on an O((dn) a) processor P R A M  and in O(logan) parallel steps on the 
parallel-distributed model. II 

2. Preliminaries 

The following notations and definitions are used throughout the paper. 
Let G=(V, E) be our interconnection graph. We denote the set of vertices 

occurring in a subgraph G' by V(G') (V(p) is used in a similar way w.r.t, a path p). 
For  every set of  vertices We_V, let F(W)={u[(u, v)EE and yEW} and 

P ( W ) = F ( W ) -  W. Thus F(W) den-ores the set of  neighbors of  nodes in W and 
P(W) denotes the set of  neighbors of  W that are outside W. 

Define N(i, W), the i-neighborhoods of a set of  vertices IV, as follows: 
N(O, W ) = W  and N ( i + I ,  W)=N(i ,  W)Ur(N(i, IV)). 

Fact 2.1. In a d-regular graph IN(i, W)[ & bounded above by di+l[ W[. 

~ 1 ' < (  ( d - 1 ) ~ - - l )  
Proof. tN(i, W ) [ < - ( l + d + d ( d - 1 ) + . , . + d ( d - 1 ) - ) l W l =  l + d  d---2- ' IWt<-- 

For  two vertices u, w let dist(u, w) denote the distance between them, i.e.' 
the length of  the shortest path connecting them. For two sets of  vertices U, IV, let 
dist (U, W)=rain {dist (u, w)luE U, wE'W}. 

An (~, fl, y)-expander is a graph with the property that for every set U s.t. 

[ze(S)l_->~lUI, and for every set Us.t .  [UI=<2 , I/~(g)l=>~lSl. IUl<-Hn, 

We concentrate in this work on d-regular (~, 13, y)-expanders, with ~_->2 
and 0 < ~ <  1. Throughout, we define l=[eJ as the spanning factor of the expander. 

The input for our problem is given as a set d ~ =  {(a, bi)} of  K disjoint 
pairs of  vertices in G. Our goal is to find K disjoint paths connecting ai to bi, 

K K 
i=1  . . . . .  K. Let A = U  at and B =  U b~. We refer to the set A U B  as the se tof  

i = l  i = l  
end-points. 

All logarithms mentioned in the paper are to the base 2 unless explicitly 
noted otherwise. 
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3. Existence proof for the edge-disjoint case 

A two phase strategy is used in the existence proofs and later in the con- 
struction algorithm. We first outline the strategy and the motivation for using it. 

Suppose that we are given a set C of 2Kvertices in G, all very far (e.g., O(log n)) 
apart. If  G is an expander, then by a counting argument we can prove that no matter 
how C is partitioned into pairs, these pairs can always be connected by vertex-disjoint 
paths. In order to use this result for an arbitrary set of pairs d & ,  we introduce an 
initial phase in which we choose a set C of 2K vertices, O (log n) apart from each 
other, and then connect the vertices of the set A U B  to the vertices of the set C by 
a set of disjoint paths. In the second phase we connect the points in C according to 
the specification of d & .  

The vertices in A U B  may be very close to each other, and moreover, they 
may be arranged in an inconvenient and highly congested interconnection. The 
advantage of the two phase approach is that in the first phase, the paths from A UB 
out do not have to obey any pairing requirements; they merely have to connect two 
sets of  nodes according to some arbitrary matching, which is a considerably easier 
task. By the second phase, when the pairing specifications enter the picture, we 
start from points that are already far apart. 

There are stil two problems that have to be addressed in order to utilize the 
above strategy. First, we have to prove that there are disjoint paths between the set 
A UB and the set C. Secondly, we have to prove that even when the paths connecting 
AUB to C are removed from the expander graph, the graph stil has the property 
that any pairing of the vertices in C can be connected by disjoint paths. To guarantee 
this we need to add some restrictions on the paths connecting A LIB vertices to C 
vertices. In particular, these paths must be short and a path to ciEC must not use 
vertices from a certain vicinity of any other ciEC, i~.]. 

These requirements make the first phase harder than may seem at first glance. 
We cannot use a cut-set argument (Menger Theorem), since the paths constructed 
by this argument are not necessarily short. Instead, we prove the existence of a set 
of short paths by a two level construction of tree structures with special properties, 
centering around the nodes of A > B  as internal nodes. In what follows we describe 
these basic constructions and establish some preliminary lemmas leading to the 
existence of the first-phase paths (Theorem 3.10). The second phase is handled in 
Theorem 3.13. 

We first show that for every set of vertices U of size at most fin there exists 
a special subgraph which we call (U, l)-forest. This subgraph is a collection of direc- 
ted trees, in which the nodes of U are internal. We now give a more precise definition. 

Definition 3.1. For any given 
aeyclic subgraph Gv=(V~, Er) 

(F1) u ~ r .  
(F2) IVrl<-_(l+ I)IUI . 
(F3) E F ~ E  (looking 
(F4) For every vEVF, 
(F5) For every vE U, 

set U c  V and l_~2, a (U, /)-forest is a directed 
with the following properties : 

at the underlying undirected edges). 
indegree (v) ~ 1. 
outdegree (v) =I. 

Theorem 3.1. Let G=(V, E) be d-regular (~, t ,  7)-expander s.t. ~_~2, and let 
l=[~]. Then for every set U c V  s.t. [UI<-fln there exists a (U, l)-forest. 
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Proof. Extending techniques that were introduced in [5], we give an iterative algorithm 
for constructing the (U, /)-forest Gr = ( ~ ,  Er). We start with an empty GF and a 
copy G of G, and repeatedly add edges to GF while deleting parts of G. Throughout 
the process we let U denote the collection of nodes from U whose outdegree in the 
forest is still less than l. 

We use the following terminology. For every set W~F, define the assets 
of W as A (W)= Ir(W)l. (Recall that Ir(W)l is the set of neighbors of 14" in G that 
are outside IV.) In every moment during the construction and for every vE U, define 
the commitments or liabilities of v, C(v), as the number of children that v still needs 
to get. Clearly O<=C(v)~_l. For every set W~U, let C (W)=  z~ C(v). Define 

y e w  
the balance of W as B(W)=A(W)-C(W) .  A set W ~ U  is good if B(W)~O, 
critical if B(W)=0  and bankrupt if B(W)<0.  As the copy G of G changes along 
the process, the definitions of assets and balance are used with regard to the modified 
version G. We say that the situation is good w.r.t. U if every set W ~ U  is good. 

The algorithm is based on repeated applications of a procedure INSERT(u, v). 
The input to this procedure consists of two vertices uCU and vEV such that v's 
indegree in the forest is still 0 and (u, v)CE. The procedure adds v as a child of u in 
the constructed forest, eliminates v from the graph Cr and updates the counter C(u) 
and the set U accordingly. The entire iterative process is required to maintain the 
situation good w.r.t, the set U. 

Procedure INSERT(u, v). 
1. {u, v). 
2. 0}. 
3. Remove v and all its incident edges from G. 
4. C(u),--C(u)- 1. 
5. If  C(u)=O then U-.-U\{u}. 

The Construction Algorithm 

(Children in the forest.) Initially U=U,  G=G, Vr=Er=O and C(v)=l for 
every v~ U. 

While U ~ 0  do: 
1. Find a vertex v~r(U) in G. 
2. Find a vertex uEU such that (u, v)CE and applying INSERT(u, v) maintains the 

situation good w.r.t.U. 
3. Apply INSERT(u, v). 

The main step on the way to proving Thm. 3.1 is to show that the iterative 
process never gets stuck as long as U~0. 

Lemma 3.2. In the beginning of the construction the situation & good w.r.t. U. 

Proof. Consider any set W ~  U. Then 

A ( W )  = I/ (W)I  IWI IlWI = C ( W ) ,  
so Wis good. ] 
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I.emma 3.3. I f  U is nonempty and the situation is good w.r.t. 17 then step 1 can be 
executed. 

Proof. We need to show that under the assumptions of the lemma, jP(U) is non- 
empty. For every uEU, C(u)>0. Therefore C(U)_~IUI>0. Since the situation is 
goodw.r.t. U, Ir(U)=A(U)=>C(U)>0.  II 

Lemma 3.4. I f  U is nonempty and the situation is good w.r.t. U then step 2 can be 
executed. 

Proof. Consider the situation after step 1, i.e., after choosing a node vEP(U). The 
node v has neighbors in U, and it was not inserted into the forest as a child in previous 
iterations (otherwise step 3 of procedure INSERT would remove v from r(U)).  
We need to prove that under the assumptions of the lemma there is at least one 
neighbor uCU of v such that the situation remains good w.r.t. U after applying 
INSERT(u, v). Let ul . . . .  ,uk, k=>l, be v's neighbors in U, through the edges 
e~=(u~, v), for 1 <-i<--k. We prove the claim by contradiction. Thus, assume that 
the choice of v as a child of any u i will cause the situation to become bad, i.e., there 
are sets W~ . . . . .  Wk~U such that choosing v as a child of ui will make W~ bankrupt. 

Claim 3.4.1. For every 1 =t=k,  u~ Wi. 

Proof. Assume that u~6W~. Then by choosing the edge (ut, v), both A(W~) and C(Wi) 
are reduced by 1, so B(Wi) does not change. Hence W~ has to be bankrupt already; 
a contradiction. | 

Claim 3.4.2. For every 1 =z =k, vE l~(Wi). 

Proof. Assume that v~/~(Wt). Then by choosing the edge (ui, v), A(W~) stays the 
same, so B(Wi) too does not change. Hence Wi has to be bankrupt already; a con- 
tradiction. 1 

At this point observe that if k = l  then we can already complete the proof 
of the lemma by deriving a contradiction. This follows immediately from the fact 
that (1) v has a single neighbor in U, namely ul, (2) v has a neighbor in W x (Claim 
3.4.2), and (3) ul~W1 (Claim 3.4.1). Therefore we carry on assuming that k~2 .  

< . <  Claim 3.4.3. For every 1 = t = k ,  IV//, is critical. 

Proof. After choosing the edge e=(ui, v), B(Wi) becomes negative. But C(Wi) 
does not change by choosing e, and A(W~) is reduced by at most 1. Hence B(W~) 
has to be0.  1 

Claim 3.4.4. For every sets A,B, C, D, i f  (1) AUBc=C[.JD and (2) A A B ~ C N D ,  
then IAI+IBI<=ICI+IDI. 

Proof. IAI +IBI =IAUBI +IAfqBI<-ICUDI +lCfqDI =lCI +lDI. | 

Claim 3.4,5. For every X, Yc= U, B(XU Y) + B(XN Y)<=B(X) + B( Y). 

Proof. It is clear that C(XU Y)+C(Xf~ Y)<-C(X)+C(Y). We need to show that 
II~(XUY)I+II~(XAY)I<-IP(X)I+IP(Y)I. By the previous claim this reduces to 
showing that (1) P(Xt2 Y)U/~(Xfq Y)c=I~(x)UI~(Y), and (2) /~(XU Y)N 
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O/~(X~ Y)~P(X)D/~(Y).  These can be shown by a straightforward case ana- 
lysis. | 

Corollary 3.4.6. For every )(1 . . . .  , Xk~U,  B ( U  Xi)<= Z B(Xi). II 
I-<k i ~ k  

Denote W*= U Wi. Let us temporarily remove v and the edges e 1 . . . . .  e k 

from the graph G and re-compute the balances of our sets, denoting the new values 
by A', C '  and B'. For every set Wt we have A' (Wi)= A (Wi)-- 1 and C'  (Wi)= C (Iz~i), 
hence also B'(Wi)=B(Wi)-  1, and since Wiis critical, B'(W/)= - 1. By Cor. 3.4.6, 

B'(W*) = B'( U W,) ~_ Z if(W,) = - k .  

Since k_~2, we have B'(W*)~_-2.  On the other hand it is clear that A'(W*)= 
= A ( W * ) -  1 and C'(W*)=C(W*),  hence also B'(W*)=B(W*)- - I ,  so B(W*) <- 
_~-  1. Hence W* is bankrupt, contradicting the assumption that the situation is 
good w.r.t .U. 

This completes the proof of Lemma 3.4. II 

The proof of Theorem 3.1 is now completed upon noting that when the process 
is terminated, i.e., U=0 ,  the resulting subgraph Gr indeed satisfies properties (F1) 
through (F5) in the definition o f a  (U, /)-forest. In particular the size of Vp is bounded 
by the fact that each v6 U has exactly I children while each vE V r \ U  is a leaf. Jl 

We now proceed, using the existence of  (U, /)-forests, to prove the existence 
of  more complex structures in the graph. 

Definition 3.2. Let W c V ,  W={w I . . . . .  w~} and let I->2, m=>l. A (W, l, re)- 
structure is a subgraph Gs =(Vs, Es) composed of a collection oft/pairs (Ti, p(w~, ri) ), 
one for each node wi~ W, where T~ is a directed subtree rooted at a node r~ and 
p(wg, r~) is a path connecting wl to ri. The collection satisfies the following properties: 

(S1) Each T~ is a full directed subtree of degree l and depth m, hence it hhs I m leaves. 
($2) The subtrees are vertex-disjoint from each other and from the paths. 
($3) The paths are edge-disjoint and their length is at most [logs ~/] + 1. 
($4) VscN(rn+[logl q ]+l ,  W) and IVsl_-<d'~+n~ 

(In fact, ($4) follows directly from the rest of the definition, but it is useful 
to state it explicitly.) 

Theorem 3.5. Let G=(V, E) be a d-regular (~, fl, 7)-expander, where a ~_2, and let 
l=[cq. For every set W c V  and for every m, q, tl>l such that IWl=q, q=m+ 
+[logl r/]+l and dqq<-fln there exists a (W, l, m)-strueture. 

Proof. Let U=N(q--1, W). By Fact 2.1, [Ul<=dqtl<=fln, and by Theorem 3.1 
there exists a (U, /)-forest Gr=W,  EF) of  size IVFl<-(l+l)dqrl<=dq+~l. We con- 
struet the (W,, l, m)-strueture Gs = (Vs, Es) as a subgraph of  the (U, /)-forest. For 
every node vEV~, denote by So the subtree rooted at v in the (U, /)-forest. We say 
that So is clean if it contains no node from W (in particular v~ 141). In case So is 
full up to depth m, we call it a large subtree, and denote by S~ the tree obtained 
by truncating So at depth m. 

Let us now describe a process of  associating a pair (Ti,p(wi, ri)) with each 
node w,C W. Each vertex v in V~ has to "suggest" a candidate pair (p, T) to its parent. 
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These suggestions are made according to the following rules. Assume o's parent is 
u, and let e be the edge connecting u to v. 

1. If  y e W  and Sv is clean and large, then v suggests (e, S~'). 
2. If  So is not  clean and some (at least one) of  v's children have made suggestions 

(Pl, Tj'), .... (p~, Tj) to v, then v selects the pair (Pt, T{) with the shortest path 
Pi, and suggests (p', T{) to its parent, where p '  is e .p t ,  the concatenation of  
e and Pi. 

In addition, if  vE W then o selects the pair with the second shortest path for itself. 
We first need to guarantee that every node in W gets to select a pair. 

I.emma 3.6. Consider a node vE Vr such that So is not clean. The number of  suggestions 
v gets from its children is at least one, and is I i f  vE IV. 

Proof. We prove the Lemma by structural induction on the (U, /)-forest Gr.  That  
is, we first prove the claim for the leaves of  GF, and then we proceed to prove that 
if the claim holds for every vertex in So-{v}  for some vEVr then it must also hold 
for v. Clearly, the claim holds vacuously for every vEVe such that So is clean, and in 
particular for the leaves (since vertices of  W cannot be leaves in Gr). The only in- 
teresting base case is that o f  a node vEVr such that Sv is not  clean but  for every 
lower node uES,, u#v,  Su is clean. This necessarily means that vEW but every 
lower node in So is not  in W. Denote the children of  v in Ge by vl . . . . .  vz, and let 
e~ be the edge connecting v to vv Then for each child vs o f  v, l~_i<=l, S~ is clean 
and large, since So is full up to depth at least q. Therefore each ri suggests (e~, Sy) 
to v, so v gets I suggestions. Now consider the case of  a node v for which there is a 
lower node uESo, u#v,  such that S,  is not  dean.  In particular this means that So, is 
not clean for some child v~ of  v, By the inductive hypothesis, v~ gets at least one 
suggestion from its children, so it passes on a suggestion to v. Finally, if  v E W, then 
every child v~ with an unclean subtree Sos gives v a suggestion by the inductive hy- 
pothesis, and for every child v~ with a clean subtree, this subtree is also large (for 
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similar considerations as in the base case), so it too makes a suggestion. So again 
v gets l suggestions. II 

As a result of  this lemma it is clear that every node w~E W gets to select a 
pair (T~,p(w~, r~)) for itself. We next have to verify that the paths in selected pairs 
are not  too long. 

Lemma 3.7. For every node wiE W, the pair (Ti,p(wi, r~)) selected by wi satisfies 
[p(wl, rl)[ <- [logl q] + 1. 

Proof, Sw~ is full up to depth q = m + [ l o g t  q ] + l .  Consider the set o f  vertices of 
the ([logl r/] + 1)st level of  this tree. There are at least ~/such vertices in every sub- 
tree S~,  l<-j<-l, where vl to vt are the children of  w~. Therefore in every subtree 
S o  there is at least one node zj at the ([Iogt q])th level such that Sz~ is clean. Also 
Sz~ is large. Let Pz, denote the path from v to zj. Clearly, either (Pzj, S, s) reaches 
v as a suggestion from vj or v gets from vj a suggestion with a shorter path. In either 
case, the suggestions v gets from each vj include a path of  length at most [log~ 0] +1. 
Therefore the second shortest suggestion (which gets to be selected) satisfies the 
requirement of  the lemma. II 

This compIetes the proof  of  Theorem 3.5, a's the rest o f  the conditions in the 
definition of  an (W, l, m)-structure are easy to verify. In particular, the various 
disjointness requirements are taken care of  by the selection process of  the pairs. | 

We will also need the following technical lemma. 

Lemma 3.8. Let G=(V, E) be a d-regular (~, ~, ?)-expander, let u, vEV, X, Y c Y  
and let ltl, It2 be integers such that l<=p~<p2<=[Iogdn]--l, dist({u, v}, X)>Pl ,  
dist({u, v}, Y)>/~2, [X[<[?(V+I)  "~1 and [ Y [ < ? ( 7 + l ) " , - ~ .  Then there exists a 

[ logn ] 
path o f  length at most z = 2  log (7+1  ) I/~2 connecting u and v and not going 

through X or Y. 

Proof. Let G" be the graph obtained by removing from G the vertices of  XU Y along 
with their edges. We now obtain some lower bounds on the size of/-neighborhoods 
of  u in G', denoted N '  (i, u). 

Claim 3.8.1. For 1<=i<=#1, [N'(i, u ) [ ~ ( ? + l )  i. 

Proof. Note that for i_-</~, IN'(/, u)l =IN(/ ,  u)]. The claim is proved by induction 
on i. The case of  i=1  is immediate since ?<d .  Now assume the claim for i</t~ 
and consider i+1 .  Since i</t~-<_[lognnJ-1, by Fact 2.1 [N(i,u)<=n/2, hence 
the expansion property applies to N(i, u) and we get the inequality 

IN( i+  1, u)l = [N(L u)[+[P(N(i, u))[ ~ (y+l)lN(i,  u)l. 

This inequality, combined with the inductive hypothesis, yields the desired 
claim. | 

In particular, letting s~ = IN' (/11, u)[, we get s~ ~ (? + 1)~, and by the assump- 
tion of  the l emma,  [?sl]> ]XI. 

Claim 3.8.2. For p~<=i<=p2, [N" (i, u)[ ~s~-- 1 +(?  + 1)~-~,. 
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Proof. By induction on i. The case of  i= / t l  is immediate, and the general case 
(i+ 1) is again based on fact that when i</z~<_-Lloga n l - 1 ,  the expansion property 
applies to N(i, u) and 

IN'( i+ 1, u)l :> IN'(i, u)l+[~(N'(i, u))l- IXl _-> (r + I)IN'(/, u)I-IXI. 

This inequality, coupled with the inductive hypothesis, yields 

I N ' ( i + I ,  u)l => (~+l)(sl-l+(~+l)'-u~)-IXI 

= 81-1  +(V + 1)i+x-u~+ (s~ - 1)? - I X I  

since (sl-1)r->lXI. | 

81-  1 +(V+ 1)i+l-u~, 

In particular, letting s2=1N'(/~2, u)l, we get 
lXU Yl by the assumption of  the 1emma, sz~ 

T 

82_->81-1 + (~ + 1)u,-ux, and 

Claim 3.8.3. For i>=~z2, IN' (i, u)[ _~min {Ln/2] + l, 82-1  +(~,+ 1)i-u,}. 

Proof. Again by induction on i. For the general case ( i+  1) observe that if IN'Q, u)] _~ 
=>[n/2]+l then so is [ N ' ( i + I ,  u)], and otherwise the expansion property applies 
and we get 

[ U ' ( i +  1, u)] _~ [N" (i, u)l +11~( N" (i, u))I-IXUY ] ~- (?+ 1)[U'(i, u)I-IXUY ] 

and proceed as in the previous claim using the fact that (sz-1)~>=lXU Yl. 1 

Overall we get that for every i, 

IN'(i. u)l -~ min {tn/Zl+ 1. ( r+  1),1+(~+ 1),.+~l+(r + 1)'-~.-z} 

-> min {[n/2] + 1, (7 + I)~-,,}. 

[ logn ] 
A similar result holds for v. It is therefore clear that for i0= " log (v+ l )  ~-/~z , 

both [N'(i0, u)l>=[n[21+l and [N'(i0, v)l>-[n]2]+l. Therefore they have a com- 
mon vertex w in distance at most io from each of  them in G', hence the shortest path 
connecting them is of  length at most z and satisfies the requirements of  the 
/emma. | 

Let us now define some parameters to be used throughout the rest of  the 
paper and mention some of  the relations they satisfy. The motivation for these 
definitions will become clear along the proofs. It is important however to notice 
that the relations between these constants are fixed simultaneously for all the proofs 
that follow. 

Our constructions depend on a constant 0 <  ~o< 1. Essentially the set U for 
which we build a (U, /)-forest has to be kept of  size at most n ~'. For the existence 
proof and most o f  our algorithms we may use any ~o< 1, but for our distributed 
algorithm (Section 4.3) we need to fix q~ to a smaller value. 
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We fix the following set of  parameters. 

0_~ ~p _~ 1, 

l = [a], 

0 = logz d, 

6 =  ~0 
2 log d '  

6 log (1 +y)  
~'a = 6 l o g  S d ' 

6 
~kz = 3 l o g  d ' 

/h = [~bl log hi, 

/t~ = / h  + [~P2 log n]. 

Lemma 3.9. There exists a constant Q =O(~z, fl, ~,, ~o, d), 
ously satisfies the following five requirements: 

q~ - 6 0  
Q <  0+1  ' 

e < ~'~ log (1 +3'), 

0+$a  log d < ~b~ log (1 +~,), 

(m) 

(R2) 

(R3) 

(R4) 

(P,5) 

0<  Q< 1, that shnultane- 

6 
O + r l o g  d < - -  

3 '  

e + (201+ log d < 26 
3 "  

6 
Proof. We need to verify that ~p-60, ~ log (1 +Y) -$1  log d, ~--~k 1 log d and 

~ - ( 2 ~ k l  + ~k.2) log are all which follows immediately from the definitions positive, d 

and the fact that 1 + y < d .  II 

We are now ready to formulate the requirements on the set of  paths generated 
in the first phase of  our strategy. 

Definition 3.3. Let A UB, C be two sets of  2K vertices each in G, such that K<=n e 
for some constant 0 satisfying requirements (R1) through (R5) of Lemma 3.9. Set 

m = 3 logt n , 

"q = [log~ ( 2 K ) ] + m +  1, 

zz = 2[. logn  q-/t2]. 
log (1 +y)  
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We say that C is well-distributed with respect to G and ALJB if 

(WD 1) dist (A U B, C) > zl +/~1 +/~2- 

(WD2) For every ci, cjEC, dist (c i, cj)>/~+/12. 

A set of  edge-disjoint paths connecting A UB to C is said to be well-distributed 
with respect to A UB and C, if 

(WD3) The sum of the lengths of the paths is bounded by 2K(q+z2). 

(WD4) For every c~, csEC the path connected to c~ does not use any of the vertices 
in N(111, cs). 

Theorem 3. 10. For any n-vertex d-regular (~, t ,  T)-expander G with sufficiently large 
n and a>=2, and for any two sets o f  vertices A U B  and C such that IAUBI=ICI= 
=2K~2n ~ (for some constant Q as in Lemma 3.9) and C is well-distributed w.r.t. 
A U B, there exists a set o f  well-distributed edge-disjoint paths connecting A U B to C. 

Proof. Let AUB={v~ . . . .  , v2K} and C={cl  . . . . .  c2K}, and assume that C is well- 
distributed w.r.t. A U B. Note that by requirement (R1) of Lemma 3.9, d~l(2K)-----fin 
for sufficiently large n. Therefore by Theorem 3.5 there exists an (,4 t2B, I, m)-structure 
Gs=(Vs, Es). By property ($4) of Definition 3.2 the size of the structure satisfies 
IVsl <--d'x+l(2K), which by requirement (R1) of Lemma 3.9 again, is bounded above 
by n ~ for sufficiently large n. 

Next we find a set of  "scattered" vertices D={dl ,  ...,d2K}. Each vertex 
d~ED is a leaf in a distinct subtree Tt in the structure Gs. The (AUB, 1, m)-structure 
immediately induces a set P of edge-disjoint paths p(v~, d,) connecting each viEA UB 
with the corresponding leaf d,. Each such path p (vl, dl) is obtained by concatenating 
p(vi, r~) with the unique pathp(r  t, di) connecting the root rt to di in T,. Note that by 
properties (S1) and ($3) of the (A t_JB, l, m)-structure (Definition 3.2), each of these 
paths is of length at most zl. In addition, the set of  vertices of D and the associated 
set of paths P are required to satisfy the following properties: 

(DI) For every two nodes di, dsED s.t. i~ j ,  dist (dt, dj)>#l +/~z. 

(D2) For every two nodes dl, djEO s.t. i# j ,  dist (dj, V(p(vi, dt)))>/~l. 

(Recall that V(p) denotes the set of vertices in the path p.) 

Lemma 3.11. There exist such sets D and P. 

Proof. We construct these sets inductively by choosing the vertices d~ED one by 
one, and fixing the paths p (ri, dr) leading to them in a way consistent with the previous 
choices. (The path p(v~, d~) is then obtained by concatenating the segment p(vl, rl) 
supplied by the structure Gs with the chosen segment.) 

Suppose we already chose i--1 vertices and paths and placed them in the 
sets D and P respectively. We choose the new vertex d~ and the path leading to it, 
p(r~, di) in such a way that di satisfies 

(1) dist (d~, D)>/t~+p~, 

(2) For every j> i ,  dist (di, V(p(vj,  rj)))>/~l, 

0 )  For every j< i ,  dist (d,, V(p(v~, dl)))>ll x, 
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and that p(r~, d~) satisfies 

(4) dist (D, V(p(r, ,  d,)))>.u,. 

It is easy to verify that if each of our choices satisfies requirements (1) through 
(4) then the final sets satisfy the desired properties (D1) and (D2). However, in order 
to make the induction go through we need to add one more requirement, namely, 

(5) For every j > i ,  dist (di, V(T]f/a))>/h. 

(Recall that T ~ denotes the tree T truncated at depth i.) 
Define the following sets : 

and 

Similarly, 

X~ = N(lal +pz, D), 

X; = U V'(p(~j, '9),  
j > i  

x; = u aj)). 
j < f  

X, = N(pl, D), 

x;  = U V(T?/9, 

X~a 5 = N(#I, X'o U X~ U X~). 

D contains ( i - 1 )  vertices, so by Fact 2.1 

IX4[ _-< 2Kdu~ + l <= 2dn~+~Oogd 

[2"1[ ~_ 2Kd~*+~* +1 <- 2dn~+(2r )l~ 

X~ U X~ <- 2Kz~<- 2z~ n ~ and [X~[ ~-2Klmla+ l <-- 2ln Q +~/z, so 

IXm3~l ~ 2dzxnQ+C~l~ + 2dln Q+ol3+g'~z~ 

Eliminate the vertices of  XlUX2a 5 and all their adjacent edges from the graph for 
the rest of step i. Consider the tree T t. This tree has l m/3 =n ~13 nodes at depth m/3. 
By requirement (R4) of Lemma 3.9 this number is larger than IX41 for sufficiently 
large n. Therefore there must be some vertex u at depth m/3 in T~ such that the 
subtree of  Ti rooted at u, S u, contains no vertex of  X4. A simple counting argument 
shows that even after erasing the vertices of X1UX~35 there is still at least one leaf 
in S~ which is not erased. This is true because Sv has 12m13=n 2613 leaves whereas 
by the fact that ziEO(logn) and by requirements (R4) and (Rh) of Lemma 3.9, 
[X1UX2~I<n ~~/3 for sufficiently large n. We now claim that this leaf and the path 
connecting it with ri satisfy properties (1) to (5) and therefore can be chosen as d~ 
and p(r i, dl). Clearly, choosing the leaf after the elimination of 2"1 UX~35 guarantees 
that it satisfies properties (1), (2), (3) and (5). It remains to show that the newly 
constructed pathp(r~, d~) satisfies property (4). This path is combined of two segments, 
p(r,, u) and p(u, di). For any diED, j > i  we have dist (dj, V(p(r  i, u)))>pl by 
property (5) in the inductive hypothesis on dj, and dist (d~, V(p(u,  dt)))>#~ since 
Su contains no vertices of Xa. II 
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Once the vertices in AUB are connected to vertices in D we can use Lemma 
3.8 iteratively to prove the existence of paths connecting the vertices in D to vertices 
in C. This is done as follows: 

Lemma 3.12. There exist 2K vertex-disjoint paths p(dl, c~), 1 ~_i~_2K, each of length 
at most "c~, with the property that for every i, p(d i, ci) connects diED to ctEC and 
goes through no vertices from the 16-neighborhood of  any vertex of  DUC (except 
its endpoints di and ct) and through no vertices from the paths p(v 1, d~), I~_j~_2K, 
j#i.  

Proof. We show that it is possible to choose the paths one by one. Assume we al- 
ready chose i - 1  paths p(dj, cy), l<=j<=i-l<2K, and now we have to connect 
dl and c~. Let 

i--1 

x l  = u r,(p(aj,cj)) ,  = U Z(p@j, @),  x = x, ux, 
j = l  l~_j~;2K, j # i  

and 
Y = N(#x,DUC+{d,,  c,}). 

D and X~ are contained in the structure Gs which by property ($4) of Defini- 
tion 3.2 is contained in N(T~, AUB), and since C is well-distributed w.r.t. AUB, 
by property (WD1) of definition 3.3 dist (C, D)>lq-I-lq and dist (C, X2)>plar/~2. 
Combined with properties (Dl) and (D2) of D, property (WD2) of Definition 3.3 
and the inductive hypothesis we get that dist ({d~, c,}, X)>it 1 and dist ({di, c,}, Y)>- 
>/t 2. Also, the length of paths p(vi, di) is bounded by zx, and by the inductive 
hypothesis the paths p(d], ci) constructed so far are of  length at most z2, so 

IX I ~- (2K - 1 ) z~ + ( i -  1 ) z 2 < 2 (z, + z~) n ~ 

Both z~, z2EO(log n), so by requirement (R2) of Lemma 3.9, for sufficiently large n 

IX, < [ 1 - ~  nr176 ~_ [T(1 +~)",1. 

Finally, using Fact 2.1 we get 

IYI -< (2K-2)dv,+l ~ 2dnQ+q,~togd, 

SO by requirement (R3) of Lemma 3.9, for sufficiently large n 

]y] < . 7 n~',l~ _~ ~(1 +?) , , - , , .  
1+?  

Hence all the premises of Lemma 3.8 are satisfied, and we now deduce the existence 
of a path of  length at most ~ connecting d t and ct and going through no vertices of  
XU Y, as required. I 

Combining the paths p(vi, di) and p(dt, ct), 1 ~_i~_2K asserted in Lemmas 
3.11 and 3.12, we get a set of well-distributed edge-disjoint pathsp(vi, c~), l~_i~_2K 
connecting AUB to C. This, at last, completes the proof of  Theorem 3.10. I 

For the second phase of our strategy, namely, connecting the nodes of C 
according to the pairing requirements of  d & ,  we need 
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Theorem 3.13. Let G be an n-vertex d-regular (~, fl, y)-expander with sufficiently 
large n and or>-2, and let A U B  and C be two sets o f  vertices such that IAUBI--ICI = 
=2K_-<2n ~ and C is well-distributed with respect to AUB.  Let P be a set o f  edge- 
disjoint, well-distributed paths connecting the vertices in A U B to the vertices in C. 
Then for any partition of  C into pairs there are D vertex-disjoint paths connecting 
these pairs such that the path connecting ci to c i uses no vertices of  paths from P except 
p (vi, cl) and p (v], c j). 

Proof. Assuming a partition of  C into k pairs, we construct the paths connecting 
the pairs one by one. The choice of  each path is done using Lemma 3.8 with appro- 
priately defined sets X and ]1, in a way similar to Lemma 3.12. Details are 
omitted. 1 

Combining the two phases together, using Theorems 3.10 and 3.13, we have 

Theorem 3.14. Let G=(V,  E) be an n-vertex d-regular (c~, fl, ~)-expander with suffi- 
ciently large n and ~>-2. There exists a constant Q=O(a, fl, ~, (P, d) s.t. for every 
set o f  vertex-disjoint pairs d ~ = { ( a i ,  bi)lat, biEV, l <=i<-K}, K<--n Q, there exist 
K edge-disjoint paths in G connecting the pairs. 1 

Note. The set C is actually not needed for the existence proof itself. In fact, the 
proof can be simplified as follows. Once we prove the existence of the set D of scat- 
tered leaves in the (AUB, l, m)-strncture Gs, we can use the nodes of D themsclves 
as starting points for the second phase. Thus, we can identify pairs d;, d~'ED as 
the mates of pairs (a~, b~)Ed&, and these pairs in D can be shown to have connecting 
paths by an argument as in Lemma 3.12. However, the more complex proof proce- 
dure has to be followed in the algorithms discussed in the next section. The reason 
is that we cannot compute the structure Gs efficiently, and without it we cannot 
find a set D with the required properties, whereas a set C with the right properties 
can be found without knowing the structure Gs, simply by choosing its elements far 
enough from A UB. 

4. Algorithms for the edge-disjoint case 

In this section we give several algorithms in various levels for constructing 
edge-disjoint paths. In Section 4.1 we derive a polynomial time algorithm based on 
the existence proof of the last section, and in Sections 4.2 and 4.3 we describe an 
~ / - c g  algorithm and a distributed algorithm, respectively. 

4.1. Polynomial time algorithm 

The existence proof given in the previous section does not translate directly 
to an efficient sequential algorithm. In particular we know no way to identify an 
(AUB, l, m)-structure in polynomial time, thus we cannot construct directly a set 
of  well-distributed paths connecting the set A UB to a set C of  well-distributed 
vertices. 

The algorithmic solution is based on the following idea. While we cannot 
actually construct the (AUB, l, m)-structure, we can identify its boundaries by 
marking a zl-neighborhood around the set A UB. We then choose the vertices of  C 



DISJOINT PATHS ON EXPANDER GRAPHS 305  

deterministically as some arbitrary nodes outside N(z~ + ~t~ +/x 2 + 1, A U B) satisfying 
the distance requirements. Then we rely on the fact that a set of well-distributed 
paths connecting A UB to C exist, and compute such paths by defining a min-cost 
max-flow problem on a modified graph G with the following property: the paths 
employed by the solution to the flow problem in G correspond to well-distributed 
paths in G, whenever such paths exist. 

Note that because the -q-neighborhood of A U B  has to be of size at most 
n ~, we have the constraint that d~l+m+',+~K~n~'. This forces us to strengthen 
requirement (R1) made on Q in Lemma 3.9 and replace it with 

4o -- 60 - OP, + ~k~) log d 
(R 1') 0 < Q < 0 + 1 

This new requirement can be met by some Q values as long as 0 < 6 0 +  
+(~,l+~b2)logd<9, which indeed holds for the values of (5, ~1 and ~2 chosen 
earlier. 

Algorithm 1 

Step 1 : Construct the graph G from G as follows : 
1.1. Add a source vertex s and a target vertex t. 
1.2. Connect s by a directed edge to each vertex in AUB.  
1.3. For each vertex vCC do the following. Replace N(/x 1, v) by two ver- 

tices el, v~, connect every vertex in r(N(/xl, v)) by a directed edge to 
el, connect v~ by a directed edge to every vertex in /~(N(#z, v)) and 
add a directed edge from vl to v2 and from v2 to t. 

1.4. Give each edge in G capacity 1 and cost 1. 
Step 2: Apply a min-cost max-flow algorithm on G to find precisely 2K edge-disjoint 

paths with minimum total length connecting s to t. Translate these paths 
back to G, to form a well-distributed set of paths connecting A UB to C. 

S tep3 :For  i = l  t o K d o :  
Let C(a3 denote the vertex in C connected to a~6A UB by the flow algorithm. 
3.1. Remove from the graph all vertices belonging to existing paths and to 

the/x~-neighborhoods of C(aj) and C(by), j # i ,  along with their edges. 
3.2. Mark a shortest path connecting C(ai) to C(bi). 

Theorem 3.13 guarantees the existence of K paths connecting the pairs of 
vertices in C. Thus we prove: 

Theorem 4.1. There exists a constant 0=0(~, ~, ~, cp, d) s.t. for any n-vertex d- 
regular (~, 1~, ~))-expander with sufficiently large n and o~>=2 and for any set of  K<-_n ~ 
pairs, the pairs can be connected by K edge- disjoint paths in 0 (Kn ~) steps. 1 

4.2. Random-~4Pc~ algorithm 

The main-cost max-flow problem phase of the sequential algorithm is redu- 
cible to a problem of weighted matching with bounded weights in a dn-vertex graph 
[9, p. 187]. Thus, the flow phase is in Random-.k~ff. The second phase in which 
nodes of C are connected according to the input requirements appears to be in- 
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herently sequential, and we replace it by a probabilistic phase based on random 
walks. 

Algorithm 2 

Step 1 : Choose a set C of 2K random vertices (each 2K-subset of V is chosen with 
equal probability). 

Step 2: As in the sequential algorithm use a min-cost max-flow parallel algorithm 
to construct 2K disjoint paths of minimum length connecting the vertices 
in .4 U B to the vertices in C. 

Step 3: For each vertex C(a~), i=1 . . . . .  k, mark K s log 3 n random walks of length 
log n starting at C(ai). (The constant ~ is fixed in the proof.) Starting at 

each vertex C(b~) mark one random walk of length ~ log n. 
Step 4: Let D(b~) denote the end-point of the random walk starting at C(bi). Let 

~(a~) denote the set of end-points of the random walks starting at C(at). 
Choose a vertex D(a~) in ~(al) with a shortest path to D(b~), and connect 
D(a~) to D(bi) by a shortest path. 

I.emma 4.2. I f  K<-n ~ then the minimum distance between any vertex xE At_JBUC 
t 

and any vertex yCC, x ~ y ,  is / t3=(1-2O'-~)log dn with probability 1 - 8 d  n~-. 

Proof. The probability that a particular pair (x, y) violates the requirement of the 
dun+l 

lemma is bounded above (by Fact 2.1) by - - = d n  -2e- ' .  Hence over all 8K ~ 
n 

pairs the probability of violation is bounded by 8dn -~. II 

I.emma 4.3. Using the probabilistie parallel weighted matching algorithm of  [11], 
Step 2 uses O(log ~ n) time and O((dn) 3) processors and with high probability finds a 
set of  well-distributed edge-disjoint paths connecting each vertex in A U B to a distinct 
vertices in C. II 

The core of this section is the analysis of steps 3 and 4. The proof is based on 
the algebraic characterization of expander graphs and its implication to the analysis 
of random walks on expanders. 

The following lemma is a simple corollary of Theorem 2.5 in [3]: 

Lemma 4.4. I f  G is a d-regular (or, ~, ~)-expander, A(G) the adjacency matrix of  G' 
2 

and ~. the second largest eigenvalue in absolute value of  .4(G), then --d< 1. II 

Perron--Frobenius theory of non-negative matrices provides us with an 
estimate on the rate at which the distribution of a random walk on G convergenees 
to its limit distribution. 

I.emma 4.5. [15] Let P~,y denote the probability that a random walk starting at 

node x reaches node y in the j'th transition. Then P{,r<= -~ n " 

wooow  2/log ) 1 
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d 1 
Lemma 4.6. I f  6Q'<-~llog-~--s for 0 < e < ~  then with probability 1 - n  -~, all 

the random walks starting at any processor x are vertex-disjoint from the random walks 
starting at any vertex y, x ~ y, and from the set of  well-distributed paths connecting 
A U a  to c',,,{x}. 
Proof. Since x, yEC, the shortest path between x and y has at least length 
(1-2Q'-e)loga n (Lemma 4.2). Let P(x) =xl ,  xs . . . .  and P(y) =)'i, Y~ . . . .  denote 
two random walks starting at x and y respectively. We say that P(x) hits P(y) if 
x~=yj and j<-i (i.e. P(x) chose a vertex that was already on P(y) or they chose 
the same vertex simultaneously). Because of the distance between x and y, P(x) 

1 (1 -2Q ' -e )  logs n random choices. The probability cannot hit P(y) at its first k =~- 

that P(x) hits P(y) at all is bounded, using Lemma 4.5, by (4 log n) 2 ~- . Overall 

there are X---K+K~log3n random walks. Thus the probability that P(x) hits 
any of the other X -  1 random walks is bounded by 

k 

( log (X-l). 

Similarly, since the paths connecting A U B  to C are well-distributed, the distance 
between x and vertices of any path leading from A UB to another vertex y in C is at 
least #1. Thus, the probability of a random walk starting at x hitting any of the 
well-distributed paths connecting A t.JB to C -  {x} is bounded by 

2K(~1+%), log n (~1 ~I . 

Altogether, the probability that any of the X random walks intersect with any other 
path is bounded by 

X(2K( 'Cl~s~logn(~)~x+(~logn)2(~)k)(x-1)}  ~- n-*. 

1 
Lemma 4.7. With probability 1 -  log----n the algorithm constructs 2K vertex-disjoint 

paths connecting C(a~) to C(bi), i= 1 . . . . .  K. 

Proof. It remains to show that the shortest path connecting D(a~) to D(b~) does 
not use a vertex of any other path. We first observe that given i and a particular 
dement xEg(a3  (endpoint of a random walk), the probability that x is not among 

( )(') 1 1 + n  " This n nearest vertices to D(bl) is at most 1-- K21og~n the K s log s n 
follows from the fact that the random walks are long enough to ensure, using Lemma 
4.5, that the endpoints are almost random locations, namely, the probability to end 

l +  t" 2 ~r176 , I 1 1 
in an arbitrary vertex y is bounded above by n I,~) ~ n + 7 "  Hence the 

[( '1( probability that D (a-3 is outside this set is at most 1 K z log s n 1 - -nJJ  ~-- 
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"~_--e-l~ L . Therefore with high probability, for every i D(a~) is among the 
n 

n 
nearest vertices to D(b~). On the other hand, for each i the vertex D(b~) 

K 2 log 2 n 
was chosen independently of  the rest of  the paths. Therefore with high probability, 

n 
for every i, the nearest vertices to D (bi)contain no vertex of  paths leading 

K 2 log z n 
to any other vertices. (The number of  nodes on such paths is at most O (K log n) 

f 1 N 

[ } for any particular i, and at so the probability of  interference is O _K log n KS log s n _ 

most 0 ~ over all pairs.) Since the path connecting D(a~)to D(b~) lies entirely 

n 
within the set of  Kz logan nearest vertices to D(bi), with high probability, for 

any i, the shortest path connecting D(a~) and D(b~) does not  use vertices of  any 
other path. I 

Successive runs of  the algorithm, even on the same input, are probabilistically 
independent. Thus we can improve the failure probability of  the algorithm at the 
expense of  increasing its run-time, and get 

Theorem 4.8. There exists a constant O" (ot, p, 7, q~, d) s.t. for every n-vertex d-regular 
(o~, ~, y)-expander with sufficiently large n and ~>-2, and every set rigs of K<-_n e 
pairs, the pairs can be connected by edge-disjoint paths by a parallel probabilistic 
algorithm in O(r log 2 n) parallel steps, using O((dn) 3) processors with success proba- 
bility 1 - e  -'1~176 | 

4.3. Parallel-distributed algorithm 

The ultimate g0al of  this work is an algorithm that computes disjoint paths 
in an interconnection network using only n processors which reside in nodes of  the 
network, and communicating by messages through links o f  the network. Messages 
have no more than O(log n) bits and at most one message can traverse an edge in 
one communication step. In this section we present a version o f  the parallel algorithm 
that works in this model, 

There are two main difficulties in obtaining such an algorithm. We first have 
to reduce the number of  processors used by the Random-aV~g algorithm from 
O((dn) 3) to O(n). Then we have to show that the PRAM algorithm can be simulated 
in polylog time in the parallel-distributed model. 

We first present an O(n) processor PRAM algorithm. The only part  of  the 
previous algorithm that actually needs more than n processors is the flow phase. 
While we cannot eliminate this phase, we can show that for K=n ~", Q"< 0", the 
flow phase can be restricted to a subset of  the graph with no more then O(na/6) 
vertices. This flow task can be solved in polylog time using only O(n) processors. 

Given a set d ~ ,  denote by HaB the set o f  vertices in the log ~ -neighborhood 

of  the set ~ M .  We will prove the existence o f  a set of  well-distributed paths inside 
the graph defined by the set of  vertices Han, InaBI <=n 1/6. While we can prove the 
existence of  well-distributed paths, we can not predict in advance the set o f  end- 
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points C of the paths. Instead we will choose a random set M such that with high 
probability 
1. Every 2K-subset of M is well-distributed. 
2. M contains a set C that can be connected by well-distributed paths to ~r 

Let FaB={vldist(v, AUB)<=m}. By Fact 2.1, IF4BI~_2Kd "+1. To select 
/./1/6 

the set M, each element in FaB starts a random walk of length R = l o g a - ~ - - m .  

The set M is the set of end-points of these Fan random walks. For the proofs in this 
1 2 

section we fix q~ = -~- log -~-8  where 2 is the second eigenvalue of  the adjacency 

matrix of  the graph. 

l.emma 4.9. With high probability every 2K-subset C of  the set M is well-distributed 
w.r.t. A UB. 

Proof. Let P~ denote the probability that a vertex v is in M. Since P~ is defined by 1) 
random walks on an expander graph, By Lemma 4.5 Pv~ - j  +~-  IFABI. Thus, 

the probability that property (WD1) of Definition 3.3 is violated, i.e., that 
dist (AUB, C)<~1+~1+/~+  1, is bounded by 

2Kd'1+~1+~1 +1. 2Kd ~+1. + _~ n-". 

Similarly, the probability that property (WD2) of Definition 3.3 is violated, i.e. 
that the minimum distance inside C is smaller than /11+~+1 is bounded by 

2Ka~d~+~+l"2Kdm+l" -d + ~_ n-". II 

Theorem 4.10. There exists a constant ~"=Q"(~, fl, y) such that for any n-vertex 
d-regular (~, fl, ~)-expander G with sufficiently large n and ~_2,  and for any set o f  
vertices A U B  such that [AUBI=2K~_2n ~~ with high probability there exists a 
set o f  vertices C c M, IC I =2K, s.t. C is well-distributed w.r.t. A UB and is con- 
nected to A U B  by a set of  well-distributed paths using only vertices of HaB, and 
going through no #1"neighborhood of  any vertex in 31, except their endpoint. 

Proof. The proof follows the lines of  Section 3 but calls for some major changes, 
since we need to prove the existence of paths residing inside the subgraph Hag, 
which is not an expander. Also, the set C cannot be chosen in advance bu t  is com- 
puted dynamically. This computation cannot use an identical variant of Lemma 3.8, 
because the proof of that lemma argues about large (size n/2) sets, and therefore 
cannot be repeated inside Hae. Instead we need to employ a "random-walk" 
argument. 

The proof goes as follows. We identify an (AUB, I, m)-strueture Gs, a set 
of vertices D={d~ . . . .  , d,,K} and a set P of edge-disjoint paths p(v ,  d~), 1 ~_i~_2K 
as in Theorem 3.10. Thus we connected the vertices in A U B  with the vertices of D. 
We now attempt to find a subset C, C c M c F a B ,  [C[ =2K, and paths p(d~, c~), 
l<=i<-K, connecting D to C as required. 
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For the purpose of the (non-constructive) proof, we assume that together 
with the set M we are given the set of random walks A~r, that defined M. Since D ==_Fan, 
there is a path in _~r, for each dCD, connecting it to a vertex in M. We use this set 
of paths and define C to be the 2K end-points of the walks starting in vertices of D. 

Lemma 4.11. With high probability the set of  paths connecting A U B  to C is well- 
distributed. 

Proof. Each path contains two segments. The length of the segment inside the 
structure Gs is bounded by z~, and the length of the rest of the path is bounded by 
1/6 log n<%.  Thus, the total length of the 2K paths is bounded by 2K('q+z2), 
and requirement (WD3) of Definition 3.3 is satisfied. 

To prove that the paths are edge-disjoint we observe that the segments of 
the paths connecting D to C are independent random walks. Furthermore, the 
choice of D guarantees that the startpoints of the random walks are at least #1+P2 + 1 
apart from each other. Hence, using an argument similar to that of Lemma 4.6 we 
prove that the probability that any of the random walk segments intersects with 
any other path (either from A L/B to D or from D to C) is bounded by 

K2(zl +z~) log n ~_ n-". 

Using similar argument, the probability that any of the paths uses a vertex 
in the #l-neighborhood of the end-points of any other path is bounded by 

4K 2 log nd,l Nn-". Thus, requirement (WD4) of Definition 3.3 holds with 

high probability. | 

This completes the proof of Theorem 4.10. I 

Algorithm 3 
Step 1 : Mark the set FAB={Vldist (v, A U B ) ~ m }  and the set HaB={vldist (v, A [JB)-  < 

1 
--  log s n}. 

- 6  
Step 2: [Run 2Kd m random walks in parallel. Each vEFAa is a start point of d m 

walks. The variable COUNT(v, i) holds the number of walks visiting v at 
step i.] 
All processors v do in parallel: 

Step 2.1: COUNT(v, l ) = d  m if vEF.4B, 0 otherwise; 
1 n 

Step 2.2: For i=1 to R=ff loga-2-~--m do: 

2.2.1 : Choose randomly a partition of COUNT(v, i) into d non-negative in- 
tegers, with all possible partitions having equal probabilities. Let v~ . . . . .  va 
be the d neighbors of v. Assign the chosen integers into variables 
Zv vl, i, ..., Zv, ve,~. 

2.2.2 : For j = 1 . . . .  , d do : 
Send the value Zv.v~.i to v~, 
Receive the value Z~,.~.t from v~. 
[Z~,~,.~ paths leave vertex v to vertex vj in their i-th transition]. 

d 
2.2.3: COUNT(v, i+l)= Z zoo, o,,. 

j = l  
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Step 3 : Let M be the set of end-points of the 2Kd" random walks. 
Step 4: Construct a flow network/-TAB as in the PRAM algorithm, using only the 

vertices of HAp, and replacing C by M. 
Step 5: Use O(n) processors to run a probabilistic parallel weighted matching algo- 

rithm to find the rain-cost max-flow between s and t in the graph/~aB of 
O (n 1/6) vertices. 

Step 6: Let C be the set of vertices in M which were connected to vertices in A t_JB 
by the flow algorithm. 

Step 7--8: As steps 3---4 of the Random-A/'cg algorithm. 

Lemma 4.12. With high probability, steps 1--6 of  the algorithm generate a well- 
distributed set o f  vertices C c M, [C I = 2K, and a well-distributed set of  paths, con- 
necting A U B to C. l 

We now turn to the question of simulating the O(n) processor PRAM algo- 
rithm on a network of n processors connected by a bounded-degree intereonnection 
expander. It has been shown in [7] that if the PRAM variables are distributed by 
a hash function among the processors and if the processors are connected by a 
butterfly network, then the simulation of a any T PRAM steps can be done in 
O(Tlog n) steps. It has been shown in [13], (Theorem 5.1) that each butterfly step 
can be simulated in O0og n) steps on any expander intereonnection graph. Com- 
bining these results together we prove 

Theorem 4.13. Any set of  K pairs of  vertices, K<-n ~", can be connected by edge- 
disjoint paths, in O(r log ~ n) parallel steps of  the parallel-distributed model with success 
probability 1 - e  ~l~176 1 

5. The vertex-disjoint ease 

While the expansion property guarantees the existence of edge-disjoint paths 
for a large number of pairs, this is not the case in the vertex-disjoint case. 

To begin with, it is clear that for every d-regular graph (regardless of its 
I F  

expansion), if K > @  then there are sets of K pairs of nodes in the graph such that 

not all paths are possible. To construct such a set, simply take an arbitrary vertex 
as al, choose all its d neighbors as a2, b2 . . . .  , ag, b K and take any other vertex as 
bl. This proves: 

Theorem 5.1. Given any d-regular graph, there is always a set of  K= + 1 pairs 

of vertices that cannot be connected by vertex-disjoint paths. ! 

d 
However, there are examples in which even less than -~- pairs cannot be 

handled. Such examples can be constructed in the following way. Let the set of pairs 
be A={(a~, bl)ll<-_i<=K}, and let X={a 1, Vl, v2 . . . . .  vt} and Y={a2, b2 . . . . .  a K, b~}, 
where t = d - 2 K + 2 .  Consider any (~,/~)-expander graph containing {ax, bl . . . .  
.... aK, bx}U{vl . . . . .  v,} in its vertex set and having Cx and Bx, r as subgraphs 
(where Cx is a clique on the vertices of X and Bx, r is the complete bipartite graph 
on X and IT). It is clear that there are no vertex-disjoint paths connecting the pairs 
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(particularly, aa is disconnected from bl by the other vertices in A). In order for us 
to have such an expander we need to guarantee that ( 2 K - 2 ) ~ ( t + l ) ,  or, that 
K _  ~ ~ (d+3)+2  d - 2  

2(~ + 1) . In particular, this requires that ~ < ~ .  For such an expander, 

all we can hope for is handling at most K -< _ c~(d+3)+2 paths. Note that this 
2(~ + 1) 

d 
bound is no larger than ~- and it converges to 0 with" ~. Thus 

Theorem 5.2. For every integer d > 2  and for every 0 < ~ < ( d - 2 ) / 3  there exist a 
K =  ~(d+3)+2  d-regular (ot, fl, ?)-expander and a set of  2(c~+1) +1 pairs of  vertices that 

cannot be connected by vertex-disjoint paths. | 

we prove the existence of vertex-disjoint paths for up to K = < ~  -~ pairs. Next 

Theorem 5.3. Given an n-vertex d-regular (~, fl, T)-expander with sufficiently large n, 
~--3 

for every set o f  K ~  pairs o f  vertices there exist connecting vertex-disjoint 
2 

paths, and these paths can be found by parallel probabilistic algorithms 
1. in O(logSn) time on an O((dn) 3) processor flRAM. 
2. in 0 (log 4 n) time on the parallel-distributed model. 

Proof. We first show that for every two sets of  vertices Zc_Uc_V where IUl-<fln 
and Z _ ~ - 3  there exists a special subgraph which we call (Z, U)-forest. This sub- 
graph is a collection of trees, in which the nodes of U are internal and the nodes of 
Z are all roots. 

DefinltlonS.1. For any two given sets Z c U c V ,  a (Z, U)-forest is a directed 
acyclic subgraph Gz =(Vz, Ez) with the following properties : 
(Zl) UC=Vzc=V. 
(Z2) Ez ~ E  (looking at the underlying undirected edges). 
(Z3) For every v~Vz, indegree(v)<= 1. 
(Z4) For every vC U, outdegree(O =2. 
(Z5) For every vEZ, indegree(v)=O. 

Lemma 5.4. Let G=(V, E) be an n-vertex d-regular (ct, fl)-expander s.t. c~-->K+3 
for some integer K~_O. Then for every set U c V  s.t. ]U]<=fln and for every set 
Z c U  s.t. ]Z]=K there exists a (Z, U)-forest. 

Proof. Similar to that of Theorem 3.10, after re-defining/~ (for the purpose of this 
proof only) to be I ~ ( X ) = F ( X ) - X - Z .  Some obvious modifications are necessary 
m Lemmas 3.2 and 3.4.5. 

I_emma 5.5. Let G=(V,  E) be an n-vertex d-regular (~, fl)-expander, where ~->2K+3, 
and let I=[~-1] .  For every set A U B c V ,  A U B = { v  1 . . . . .  v2r}, there exist trees 

. . . . .  T2K in the graph such that 
(1) Each T~ is a full  binary subtree of  depth m, hence it has 2 m leaves. 
(2) The root o f  T~ is vs. 
(3) The trees are vertex-disjoint. 
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Proof. Let U = N ( m ,  A U B ) .  By the previous theorem there exists an (AUB, U)- 
forest. In this forest each node v, o f  A UB is a root  o f  some tree So, which is comp- 
lete up to depth m at least, so choosing S~'~ as T~ meets the requirements. II 

To complete the proof  o f  Theorem 5.3, we use the disjoint trees to construct 
a set D as in Lemma 3.11, only now the vertices in the set A [ J B  are connected to 
D by vertex disjoint paths. The rest o f  the proof  is similar to the edge-disjoint case, 
since the paths constructed there between the set D and the set C, and the paths 
connecting pairs of  vertices in C were already vertex-disjoint. | 
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lating discussions on the relationships between expanders and random-graphs. 

Quite surprisingly, we could not  find a reference for the fact that the edge- 
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the reduction to ND39 [6]. 
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